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Generalization of mapper by persistent homology
based on discrete morse theory

Ryo Yoshihara'! Yoshihisa Sato’

Abstract: Topological Data Analysis (TDA) is a new data analysis method that has been attracting attention in recent
years, and is an analysis technique based on topology. TDA is an analysis technique that focuses on the shape of data,
eliminating the need to assume a distribution model for the data, and is expected to provide new insights into data for
which it is impossible to assume an appropriate distribution model, such as big data. One of the TDA techniques is
mapper analysis, which is based on Morse theory. In this paper, the author proposes a new TDA analysis that
generalizes mapper analysis based on discrete Morse theory. The proposed method is an extension of mapper analysis
with a macroscopic persistent homology group. In order to confirm whether the proposed method can capture the
features of the original data, we apply the proposed method to artificially created data (with easily recognizable
topological features).
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BUE, HRASETHI a5 7 A L ZADREYED LD - T
%, TORERINTEE L HATHBRAFERESHHBHIN
D1FETH D, TORRITEROEFRERL EANITE-T
HxThHoN, BERICEDIZETHD, FHEIAR LT 2
F XD FPREDRE COTIUIIRE TS ¢ E 255
B, AL THREREIZ . BFIEB OB D7D
DT —ZFMTEATH ZE BT L STV,
FHEFEFBINTHWDIH LWT — X FiE L LT,
Topological Data Analysis (LAF. TDA) W5 H D3 H 1
(1], ZhiEftEgm2ic ST ch b, H4 7k
AYASDI »E#E L L C [Data has shape, Shape has meaning,
Meaning drives value] &EWHEIENRH VY, TDA ODARE %3
LT3, ZOFERBRTLHLIIC, T—XIFHEFE-T
B, ZORITITEERH Y | iz Ete, TDA 1XZD LD
T — R DOFOBICHER LT FIE T, 7 — X O0M6ET
WERET BHENRL, £, By /7 —F7 BT
ERVE D RERTOT —Z DT bITH ZENTED, &
512, TDA OFE A O HFIZI1LE — A B 2 2 L7~ mapper ST
[2,3] L EDLND b DOBFET D,
PEOEENS, AT, BT — 28I ES<
mapper fEATDE 2 FEHWT, T—F &> NEED, DA %
WHL., ZNEMITT 52 2L 0 H7=7 TDA f@tT 2 BR%s5
LHZEERMNET S, IRETIEIL mapper fiFHT O ERIT/S—
VATV MRER UV HEOIRIC R > T D, BEFIEICSK

S TIT — 4 DR MARZ 5 2 LINTE B WGBS B 12012,

ANTLHNTAER L 72 (BARRURHE D 7322 ) o0 7 — Z 1Txt L
TREFEZEMNT 5,

2. X—V ATV R ER U—E

RV AT MRE T V=T TDA IZBWCEEREET
BbH, N AT Y NRE T O —EIEEIE O RS -
M ERE Vo T HEIZERT AT, TH DL LT
OFEREMBT DN TED, NV ATV hRERY—
TR S EFHAT 5,
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X 1: %= 27 MARER D—REO AR A

X 1AEDEHZ, RENFNIEREE XD, FiRE TP
B REL LTV &, Wil t=2 OFEE T 3 DD » 7334
REn D, HEEl =3 TIEPROEH > NBRERL TW5D, 20

IR ORTET LI RIN (T 4 v b —2a ) BB X,
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FIRTTDNRDFEAREZ] (birth) & HIREFA] (death) 27 U v
JLT1O0ORICFER LD E I A—2 25 0 XK &S,

3. B— A HE & mapper BT

E— AR LAUE, BB OAHBIRH B Z F1 A 7= DITiEZ
DS S 2 RAUE LW L2725, mapper ifATIXZ
DE—ABGREIIZ L bR AT — 2 firDEETH
%, mapper AT OFEARN 2 EE, b—F AREEFNZ LT
HAT 2,
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ESCEN 2 D b—T AR T HH RN EE 2 D, Morse
B (@EmS) 252, b—FAKEDO A>T AKIZKEFE ST
W&, T 02 R TN A A=V R T DL, FREAOE
STHIY AREBLLTWB Z ENbnd, O AKX 2
DOHF RO D, Morse BERE WD 1 SOENZH-TH
AL =05 L, MR 2o UV THRASZ L TR 2 0ADK
X572 Reeb 7T 7 WBEREND, TNEBEKT — X212k L
THA L TELTHD,

7 4 2B

3 ¢ BT — # 12k D mapper 7T 7 DA (1)

mapper? 7 7

4 : BT — 212Kk D mapper 7T 7 DAL (2)
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biUE—y UTHRSEZENTE S, 4 DD Z DFID
mapper 27 7 72725, mapper 7T 7 TlE. Koo d
LIHRICKIET 207 — X IR R b ORH L B2 5,
Z ZC. mapper fEHTICH WSS D cover—level set
FERLTEL,
EEEBEE fRPS>REERD, r<s &Eiil-dHEEKrse
RIZXF LT,
frsD ={x €R™|r < f(x) < s}

B f D cover-level set &W9H, Fio, r<r’, s<s'lT
st LT,

s—r=s"—71

s—r'

k=221 0<k<D
ZiiTe 3, k % cover-level set f~([r,s]) & f1([r',s']D) @
FN—LEERE L5,

4. BRRBFIHE~DELR

5: h—7 A

5D F—FAT2O@ESIBEESf:T? > RIZXT S cover—
level set @ 0 IRILAHAERI—HEH, & 1 IRoLAER O—7H
H & x%, FEnU—HORKIIREZ, &35,
Mlay, by] = f~'([ay, b)) = {(x € T? | f(x) € [ay, 4]}
Ho(Mlay, bi]) = Z,, Hi(M[ay,b1]) =0
M([by, b,] = f~1([by, b)) = {x € T? | f(x) € [by, b,]}
Ho(M[by, b,)) = Z,, Hy(M[by,b,]) =7, DI,
M([b;, b3] = f~1([by, b3]) = {x € T?| f(x) € [by, b3]}

Ho(M[by, bs)) = Z,, Hy(M[by,b3]) =7, DZ, DL,
WEBM 1 M[by, by] > M[by,b3] ZiE LT 2 DD 1 RITHTE
oY —HOBBRE RS & H(M[b, b)) ® 2 DOAEKTIE
Hy(M[by, b3]) DAERTEO—H L L TR &ML, Hizlld 5
L ©® H{(M[by, b3]) DAERTTHNEFEIN TS, cover-level
set DRFTR O—FEA BT A Z LI12X Y., cover—level set
FION AR 2 T2 Z e TE D, Z0BE2 2525
VT2 SREIZR L THWT, 4 cover—level set D/8— AT
v hBER O—REOERITTOBN Y BAEE AR E L
TRZ 5,
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AWFZE T, mapper FEATD 7 5 2 Z —/3HF8 0 IRTE/S—3

ATV PRERV—RHIRET S, 0 WL/ A=Y AT > bR
FrU—HE 1 RT3V AT Y MRER U—RHIEE X
70 LTEREITH, 2O dORETFEOFIEE 7, *
7o MEFEOMERMIZX 6 1ZR L TEL,

(FNEO0) HETHXME D AN—REERET D

(FIE 1) BlkT — % %7 4 L& BRI SO THIRE D
cover—level set |Z43%4 5

(FE 2) /3B X374 cover—level set (ZX LT k &K/ X—
ATV RRER V—HEEHET S

(FIE3) FE2 THOLNE k kA= 2T FMKERS K
Vil

(FNE4) FNE 3 DT F xRt L TRE BB 2 HWT,
T — X ORF R MEE RIS

(FIE 5) HpEA 2R N IABICKIGT 5 cover—level set %
ST 5

filterBIRIC RSV T
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6 : IEETFIEDHIN

FIE 1 OF —2 O5EIFEETIE 3 OXT S ABIZOWTHE
L35,

FE 1: BT — %27 o VFBEICESWTHEIL, 2O
DEIEINTT—FERRIT—X L L TEZD, WEIIEC
DUV cover—level set W5,

R,

7+ —fRE972 cover—level set DYERYITIE

X 3, 4 THHALZLIIZ, 74N EZBETEZD 1 SOl
ZAHBEOXMIZEIL TV, ZORMICxHET 5587 —
AEEDTELLDET—4D, (X 7 EOROFEF:) . HDX
DTV ONTZT —F 2T —5Di LT 5D, TORE,
BERCE — AP SN TCT — 2D, b T — XD \CER D &
bleED, 2O LTHLNESET — X 2RREIT—2 & L
TEZ D,

FIE 3 : FlE 2 THONIZ k RA—=V AT 2 PO~ b
bEITH, W=V ATV MRERV—HEHAELTHELND
N=2ART v MRFZEERTH L2, ZOEEOMITIX
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Hra whelc 4 5,

W= RFV AT T F A
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RERT

8: /= AT RO~ hLAk

8 DX HIZ, birth - death fHlE%E A v 2 fb LKA v
2\ CFEFEDOT D, N—=V ATV hFRETa V=R TI L
W2, ZOERA Y V2l ZEENDIEERADZ TR MLvE
A5, AENE 0 KRTNN—V AT hARERY—REE 1R

TN —V AT MRER DT, FRENRY MUET D,

6. NTHJITIERL L 727 — #1263 D RAEER

WEECERT AT — X IO TE 2, ©F—X L LT
AARBEE S 7 0 030 (B — AHERIC L A RSN T4 L
%ﬁW0AI%KWﬁLhF—&%mwéOE%%Kﬁn9

JICERIE, h—F A, FT h—F A FEE 2 Bhim) E
1T A %:ifj:fi: A LT b DE AW CHGEEIT Y, h—T RI|Z
DWW, D D SE D meridian S5 & longitude 51
Tzﬁ@&ét&b\ mMAFHELTWS, £/, X7V =7
AVEEFED h—F A& 208E L b D ERHS TS, £ 10
T =2 O E £ LD TEL,

[

ayyFa—Fx2

AYFATIABHBERE

X 9: NLTHIZHER LT —#

BELISBEHE ayYFa-FAACHEESE  xYF4TUx2

F 10 : NTHISHERR L7277 — & OFEEH & SO fiE%k
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—F A —F 2
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X 6 |ZR LB TFEORNL 912, NLICHER LT —
H % cover—level set THEIT S (?“lﬁ D, DElEsn-=%7
AT L TARA— 2T hREr D—HA2HE L (FIE 2),
Nﬁ%»ki?ﬁ5€ﬂﬁw FRITFER ST E2FIH Lz
SRR & - CRENT L. 9RO mapper fRAT & Fhilik L
RN BIET — X ORI AE I T E 2RGET 5. 00T
DOFRERINOFEROBEONERSZTY M9, B0 HUZER
SN 1 DO EIXIER AN IS  BFEHREZ1TV . B M
L7=FER5 #@ﬁ@ﬁﬁiﬁ715~%ﬁ%ﬁwé EHS
IS BERATIE, R EOER & BIEOKED L
ThoH7n, fHEIZIE~5,
BEEL L CERSMOADEEEZRMAT 5, HERE
Brax Loz, ¥Hu, H# a2 b OERDA
N(x|po?)ix

1 1
N(x|po?) = ﬁexp{—z—z(x—u)z}

#BIND, T —F 0 DERAHEEE AV CHEE 4, 62
%*@ﬂi\ﬁé%TWNﬁﬂﬂﬁ)ﬁﬁEﬂéo;@ﬁ@
KBREZHET L L. & OBIE X ORFE alx) X

a(x') = ((x 5 ”)>

ThHz2bNh5(6,p.19],

BTV HERP D, ZOREE al) IFHBE 1, 27—

WVRF 1 OIA ZFTHAAHED, ZOZ ErbEEIX VA
TR ORIET D, AW T, BEE 1095,
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F—& 1 BKEm (Filter B = 2z JEEE{E)
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11 : mapper f#T (BKifi £ilter BI%k = z JEFE(HE)
Impurtnn‘ce‘ of cbmp;ments:
Standard deviation

PC1|PC2 PC3 PC4 PCS PC6 PC7 PC8 PCY PC10 PC11 PC12 PC13 PC14 PC15S

09464 06 © © 0 © 0 0 @ ] ] ] ] ] ]

Proportion of Variance|1.0000| ¢ © ©¢ © © © © ©¢ © © © © 0 0
Cumulative Proportion (1.0000f 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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Importance of

PC1 P2 PC3 PC4 PC5 PC6 PC7 PC8 PCO PC10 PC11 PC12 PC13 PC14 PC1S
[0.6148 0.5300(0.25339 0.03560 3.128¢-17 @ © 0 @ o o 14 o 1] o
Proportion of Variance 0.5218 ©.3878|0.08864 0.00175 0.000e+20 © @ © 0 o o o ] ] o
Cumulative Proportion [0.5218 0.9096/0.99825 1.00000 1.000e+00 1 1 1 1 1 1 1 1 1 1
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Standard deviation
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X 13 : JE T ERME filter Bk = 2 HEEE, PH,)

11713 138k (Filter BA%L = 2 JEAEAH) (25095 mapper i
WrofERe 0 k3= AT v baREr U—RE(PH) . 1 &
T 8— Y AT v hRER U— (PHy) & AW IR EFIEOR
WLpoTND,

X 11 (3RO FHETH D mapper T OFER T, EDOXIT
mapper 277 7 &, AHDEIE mapper 7T 7 DAY ATk
DIET—HFER LTS, AENFTSE SRR LN,
ST DI T — XI55 &2 L TR, RRENEZ 4 v 4
B owhz R LT\ 5,

X 12 13PH % W= ETIEORERZ R LTV D, BETIE
DFEIITIR > T, BRI ED A% cover—-level set THHEIL .,
BENL-TF =2 L TR—V 2T bR Er O—FE43HE
T 5, FEMEENOPH ZHWTRY bk L, BEE
it & U CERD DM 2 VTR 21772 > T b, X 12
D EEHITEDER D I OMER L 72T D, ERSSHTO
FERDPDOFEROBNE—ERSZRY M LK 12 &), E
HOAICIE S B Ra» b R ENBEEEZEBA =T — X1
ST BT —Z 2@ LTnD (K12 ), X12 TiEME
WEBZIZTTT — ZIIFEEL TR,

X 13 1ZPH, Z W= ETIEOERZ R L WD, BETIE
DY MIALDBSIZPH 2 AN TRZ b L, D7 b
MK L CERD DN 24T > TS, K 13 EEO RSy
SINTDFERN S, FHRNEVVE— TR & F oy & B
DL (R 13 ), 7 7 A X =i Wi o8 %1772 > C
W5, M 13 Hlid, &2 T AL =T D07 — X 205y
FLicbDERoTWD, 1RICPHERANTNDHDT, JReE
FED Y T AH—T, BORKE ZEOENRHTEXZOTHEARWN
MmEEZLND,

5 —H& 2 :meridian b—F A (filter B%K = z JEAEE)
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torus1

14 : mapper f#HT (meridian b —F &
filter PA%K = 2 JEEEAE)

Importance of components:

PC1 PC2 PC3 PC4 PCS PC6 PC7 PC8 PC9 PC10
Standard deviation 11.6097|1.49782 0.68113 0.17323 0.0001988 @ © 0 @ ]
Proportion of Variance| 0.9801|0.01631 0.00337 0.00022 0.0000000 @ © © @ ]
Cumulative Proportion | 0.9801]0.99641 0.99978 1.00000 1.0000000 1 1 1 1 1

l
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15 : R L F1E (meridian h—F &
filter B9%k = z JEFEfE, PH,)

Importance of components:
PC1 P2 PC3)
1.2993 0.9078 0.6920

PC4 PCS PC6 PC7 PC8 PC9 pC10
0.4301 0.2294 4.736e-16 1.568e-16 6.75e-17 2.471e-17 1.234e-17
0.0573 0.0163 0.000e+00 0.000e+00 0.00e+00 0.000e+00 0.000e+00
0.9837 1.0000 1.000e+00 1.000e+00 1.00e+00 1.000e+00 1.000e+00

Standard deviation
Proportion of Variance|0.5229 0.2552 0.1483
Cumulative Proportion |0.5229 ©.7781 0.9264

v P IRE—H
o

16 : L F1E (meridian h—F A
filter B9%k = z JEFEfE, PH,)

14716 1% meridian h—F A (filter BA%k = z JEFEE) 12%f
9% mapper fEHTOREF &2 FE (PHy. PHy) OfEFR L 725
TV 5, mapper FENT TIEAME A 2 SR T (K 14 /£) .
PEETE(PH) CTIHEFEME L T2 oS (K15 £),
mapper 2 7 7 DAY STk ST B TTT — A VLA, mapper
77 7 DERFIRE B THRIT T2 Z &L 20T vwH, £
NI LR 2 i 5 & (K14 A& 15 4), 4
LiESTRER Lo TNWE Z EBNbND, 0 Rt/ S—V AT
YIRERYD—HELTEZXD L, 220 fHEOT—F &Y b
I ESMIIC 2 SosEfERk Y, ENLISNOT — 2 & b
1T 1 DOEFERDBNERIND Z LM TRTEL720, BE
FHEOBRIIRAKRTIIRVWEEZ BN, RETEPH,)
DM OFEE (K 16 ) 1E. 1 RILA—V AT hRER Y
—FELLTEXDE, 270 fHEOT—%E > hTiE 2 2Dif
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N, TSN OT —Z ¥y FTIE 1 >0 ER S S Z L
NFHETED, -, REMOT—F > P THOKE X

CEAERA & HIRRZ) OBV RR SN EBEZ2 LS,

F—%& 3 : longitude h—F & (filter BA% = x JEFE{i)

torus2
[ R L
[¥] o e 2
® ®
) @

@ ®

®% ©
a o

o

17 : mapper fi#HT (longitude h— &
filter A% = x JHEEEAE)

Importance of components:
PCS PC6 PC7 PC8 PC9 PC10 PC11 PC12 PC13 PC14 PC1S

PC1 PC2 PC3 PCa
Standard deviation 5.9613|0.63703 0.37077 0.20006 3.605¢e-17 @ © 0 @ o [ o o [ o
Proportion of Variancel 9.9839|0.01123 0.00381 ©.00111 0.000e+00 © @ © 0 o o 4 [ [ L
Cumulative Proportion | ©.9839/0.99509 0.99889 1.00000 1.000e+00 1 1 1 1 1 1 1 1

v 32 a0 2oy

B\
e

18 : $222F4 (longitude h—F %
filter BI% = x JBZE, PH,)

Irportance of conponents:

P PC2| PGB PGs RS RC6 RCT ] PCIO PC1L P12 per
Standard deviotion (19849 0.8390|0.41945 0.2387 0.15872 0.09834 0.01997 0.002526 0.00224 3.478e-17 1.264e-17 9.795e-19 1.54e-1
Proportion of Variance(0.8021 0.14330.03582 0.0116 0.00513 0.00197 0.00008 0.000000 0.00000 0.000e+00 0. 000e.

3
it 400 0.000¢400 0.00¢400 0.
Cumilative Proportion [0.8021 8.9454/0.98122 0.9928 0.99795 0.99992 1.00000 1.000000 1.00000 1.000e+00 1.000e+00 1.000¢+00 1.00¢+00 1

77 AL~

D)3

19 : #2%LF¥% (longitude b —F A
filter BA% = x FEAE{E. PH,y)

17719 1% longitude h—F & (filter A% = x JEIEH) 1<%t
9% mapper FEHTOREF L FER T (PHy. PHy) OFER & 725
TW5, mapper fEHT & $EZE Tk (PH,) O fRAT Ok R % L
T5E (X 17T HEX 18 £) . $RETE(PH,) TIENIAHAOREK
DRbDNTND, FEETIE(PH) OFFEHT OFER (K 19 ) 1%,
1 WeN—=Y AT hAREno—fEE LTERD L, filter
BEEIZ Rt L CTAERTE & L TR AL o B o E 53 0—
1=2—=1=0 EZBLT D Z ENDNDT=0, KEDTHHEZ R
ZTCWBENZ 5,
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5 —X 4 :meridian ¥ 7 )L b —F A
E)

(filter P9%k = x JE4=

mixtorus1

08888 0eeee

)

20 : mapper fEAT (meridian # 7V h—F A
filter PE% = x JFEEEAE)

Importance of components:

PC1 PC2 PC3 PCa PCS PC6 PC7 PC8 PC9 PC10 PC11 PC12 PC13 PC14 PC1S
Standard deviation 4.886(0.92744 0.4090 0.22118 0.15167 0 1] L] o [ [ o ]
Proportion of Variance| .956|0.03445 0.0067 0.00196 0.00092 © © © © o o [ [ o o
Cumulative Proportion | 0.956)|0.99042 0.9971 0.99908 1.00000 1 1 1 1

1 1 1 1 1 1

21 : R F 1k (meridian 7L h—F
filter BI% = x JBAZE, PH,)

PCI0  PCL pC1z

22 R F1E (meridian 7L h—F
filter BI% = x JBZE, PH,)

20722 IX meridian # 7V b —F A (filter PE%k = x JEIE
) \C%F9° % mapper fEMT OFE R & $24EF1E (PHy. PHy) O
R&EpoTWD, mapper fRHT & $-ZETF1E (PH,) DT D
a2 L (K20 5K 21 £A). $##ETEPH,) TIEAL
FHRREER Kb T\ 5, RETFIE (PHy) OWifEHT DR R
(K 22 )R EFFD 7 T A Z—TREOF B ERZ TN D
ZEBbnD,

7 —% 5 :longitude X7V h—F R (filter BA%k =y JAEAZ
i)
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mixtorus2

23 : mapper f#HT (longitude # 7 /L h—F A
Filter B = y JEAEAH)

Importance of components:
PCS PC6 PC7 PC8 PCY PC10 PC11 PC12 PC13 PC14 PCIS

PC1 PC2 PC3 PC4
Standard deviation 10.5190(1.22277 ©.78254 0.48572 0.27214 0 @ © © [ [ [ [ L L]
Proportion of Variance | 0.9786|0.01322 0.00542 0.00209 0.00066 0 © 0 © ] [ o o o o
Cumulative Proportion | 0.9786/0.99184 ©0.99726 0.99934 1.00000 1 1 1 1 1 1 1 1 1 1

v 4 2 [ 2 4

n
iy
,

aaaaa

_ ) . . NN _
24 : EFE'%%':& (longltude & T h—T R

e e s e mo ea mo e mn sz s e s

0.05523 0.02269 0.00654 0.00499 0.00254 0.00131 0.00062 0.00025 0.00006 0.000000 0.0000+00 0.000e+00 0.0000+00 0.000e+00

SO s o 0 e St 0L ol 2 0 .0n0 000000 80000 00 S0 t0

77 R8 =5

47\
2

25 : #E&F1E (longitude 7L h—F 2
filter BA%k =y FEAEME. PH,)

23725 % longitude # 7 /v h—7 A (filter B¥k =y JEE
E) IZXF9° 2% mapper fEMT OfE R & $24EF1E (PHy. PHy) O
R&L7po TS, mapper fRHT & —RZETFE (PH,) DWMEHT D
WAl s (M3 FEX245), AL LY RkEE 2o
TWDHD, EH L AR R TWb, 0 IRt X—
VAT RREu Y=L LTEXD L, filter BEIZH L
THEFER D OB 2-1-3—>1-2 BT B2 bbb
72, VAR R RN TWADITHALNTH D, BREF
15 (PH,) O EAT DG B (1K 25 13) 1IZXIE OB 2 2 TV 5
Fr, EF—HZLLTAL—R—L V V=@ EF—HZ|C
XU TCHIRETFELEM L. Sabermetrics B2 EFDRESEE
547705 CTHIZM, ROV L5 72 RiTB oo
72
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o

8. FE
%@M% AHE & HIC LR R Tk (PHY) (2. A LT
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