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A classification proof for commutative three-element semigroups with
local AND structure and its application to card-based protocols

Yug Sugalt:®

Abstract: The matching situation with AND operations between two parties is a common application in
card-based protocols, and it is known to provide a non-embarrassing confession of love. This means that the
other party does not know whether the input was 0 or 1, which is said to avoid embarrassment. In this paper,
we consider an extended AND protocol that extends the usual AND operations with two input choices, 0
and 1, to allow the input of a third value, ”indefinite,” which is neither 0 nor 1. Considering the continuity
of the protocols, it is better to design it to satisfy the transitivity law, and in practice, we need to deal with
the classification of three-element semigroups. We attempted a complete classification with restrictions to
have a local AND structure, and found that except for trivial examples and considerations of the algebraic
isomorphism, we could reduce the classification to only seven cases. These include cases of three-valued logic
by Bochvar and Lukasiewicz respectively. We also discuss some examples applied to the card-based protocols
that have been devised. The examples are based on the same pattern cards with indistinguishability on the
backside, which is another card protocol different from the general encoding rules.

Keywords: Card-based protocols, Non-committed protocols, Five Card Trick, Commutative semigroups
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2 2 DA —FrHVERS [1]. BlZIE, 2Pk
21y MANBUTO— Ny a—F 4 7 L—L
26> 1 @[O0, [0]8]= 1.

Hhpazy VITHB 2L, 7abaEIERICES
NBFERD, Aoy a—7 4 7= nizE
RCHB e 2iEy. —ATHEaIy MVETHI LR, 7
0 b aVEERICRB I N — RERRT2RELTHE
REB2H5ATH5.

X SIARHOHKIE LT, EEDXSRRA— T DAHEL
WEXN2H— FTlE kL, RAOEME b2 FAUEHT
H3H—F BIZIZLHPHER) EHWbZx2EZ?
CZER 2] 1ITBWTKRARSIIRND ETRIfREEDL LR
Vy FEFRAY Y PZOWTEREINTWVWS)., ZDL &
H—FDOETHEDENEHWT, Zhvzh (— R H—
F7e rarTHWLND) BRER—eXEDT5 2
epTEs. o LM, [1]E [QeA—tysc
YHTED. A— b eEBTAXEEZZLAVTY, [
—H— ROEEAVNTTO FALEHR T2 TES
HH—DODRY v b TH 3.

FAl—A—FABEDX Y Y b THHDHFRAY v LT
X, B4 Y — (Fa b aVic AN T3 a2—9) ([2liifhi X
N2H— FLBHANTEZANY T - a VHTEA B %
Fohp. FlziE Five Card Trick % SCIS2022 TREX
7= 3 EA SR BE A2 HE5E Five Card Trick Tl 2 D H —
FEEfATZ2I2eRk2. ZOLE, FYIFLD Five
Card Trick “Gbi: 0,[[#]=1 @ 258D DAS DB
ATHETH 2705, ERMTIEFE—5 — R 2 K& v ,
(W] [A]e] [t]t]e 4@ 0 o Anmsarse e 5. dus
RERAV Y b TREHZD, —HTLrya—F4 I —
VR ANDERETH 3 2 L AN TE D [16],
ANEHIET 2 FZIZ420ONV T —arnd 3012
HfR S 2) ZDMDMHEIBEL R>TWVS.

1.1 AEOEM

HEOBANAAREREZROR—F— FEHVWEH—F
7 b anzBnT, R 3 EASRRERLEE Five Card
Trick 23 EERIRERREBIVEIEICOVWTERT 5. BRI
121% Bochvar @ 3 fHFHFES° Lukasiewicz @ 3 fHimFIC B
VB EE [15] DR— R Ao 728 3 OR[ERET, 2
O AND EE OIS Z FFTICE ORI O Yy 20
AR5 2%, BT vy Ty 7 LT 2 HHOYER
AND#HE 7m b arZHAVIEa I v b XY PITIERAL
Iy PAVIIZCWTIBOIEDLZ e 2ET S L,
BEROTa rar e L TEITTI2IeREENS. Z
DiHEE L LTI RE Mz THERDH LI h 5.
ACERER IO RS C e 272 5.
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2. REAEELIFIZIY XV MEAD-FTO
kL DEA

HAmazy MITHB i, r bariEkRcEs
NBFERD, ANDTYya—F 4 v 7L —nicHoniiE
RTHBZe%IET. —ATHaIvy v BITHIZ X, 7
v b UEIERIICRIA X N2 — REBIRT 22 ¥ LT
REBLZHEANTH 3.

2.1 #FYUTFJL Five-Card Trick

2a—HIZLBIEaIy PXY MU LTHISNS Five-
card trick [3] 3 — &2 57 2 MO H — ROV SR
TW3.

Five-card trick 1& 2 2 —¥R]T AND J#HE %175 71 b
ANTHE. 2 ANk abe {01} LLELE[?|?]=7)
@ (: b) L LT5MDA— FEANRTS Y H LAY
b GREEEE 5 & Lz =, EFEE id & o5, 2,3, ¢k
D5ED D SEMRTIEIRNL TH— FFRICUH T 5 H(0E)
2175, 22T bi%ﬁb: LTANLEZERRLTE
D @l a DEJE (negation) TH 3.

SYR LGy b ERITSBICEFRD @?b z L, 58
CHEMIIMI Ty vy 7135, HOEsHOI—F%E
?&f%%?é:tf%%ﬂé.M%DEW@%LT%
ATHhan e Zx anb=1, ZRLHNIanb=0Lt %
3. LT s Moh— FogiikEZ RLTEY, Zhbd
DEHMDH— FHPKEBRICE DS v v ILERB e H
5, HAHRIZ 3 KD @ﬁfs_%bfjmm\z) B8 D HD
anNb=127R2Ze0 903, 52, anb=02rk5
3ODT — 2OV TIRIRCE—MHENh 370, Hh7E
FJERTHAT a,b YD X S BT o 72 I DWW TERE

TERVELNATT FarDdEL Y FTHB.
(a,b) sequence
0,0) | [O|®[0|®|0
©0,1) | [0]s|o[o]e
(1,0) | |[@[|®|@
(1,1) | |[[QQIO|
&£ 1 Five-Card Trick #IHAASTIKAE

Five-Card Trick 1%, #»— FASRFO—fEL (ZDFr—
AT b ZATIOBRICH— FEHEIEL TEVWTWS7ZD 5

1 2 3 4 5 -
BoHh—raeiEe LT s 3 5 4 DEHEIT-
TWB3EEZXB) 7 VALhy hOATHEREINS >V

Ik a haLchHab.
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2.2 EFo vy TILDEAY Three Card Trick

Five Card Trick ¥ [A£RIZ 2 & D AND & 71 b ail
BEZRD. —RA—F 7 e farizBnTid 2 EED
A— ;K1 KROE 2 HBEAEN, 2KOAI—FT1EY
]\’Z’?EIE?‘%. ZD7-DEMEI NS RIBBUZ 2 TH

. —HT, ROEME DI FALENTHLZI— K%

ﬂﬂb‘é AW 1RO A — Fx L TER, oFh 2 @HD
At [L[TCANTIRER S ¥ 1y b2 L KCCHRBIA
HETH2. zodimEnsm/MEIZ1KTHD, 1
KO D — REEAALZEED AND 71 b aL Bl TEn
1, B LTl optimal AR THZLEZ 5.

a0 [t1 evszya-sivrr—n%
WAL LS 3554 5 Card Trick D& 57 AJ1, 2%
HAROIZ 25— FE [t|e L, Fifllhssi—s
B a,b 1 T OOEBMASEITS LK LTUTO
EobilE 72 5. RiICZ % Three Card Trick & FEXR
AR -

b) | sequence

(a,
0,0) | [4{T[4
(
(

0.1) | [L]1|t
10) | [t]t]+

(1,1) T
& 2 Three-Card Trick #J#AA J1IKRE

Five Card Trick ¥R U X5 ICA N ZHEL T 2729 3K
H—FRETURLhy bOA— NI ZITS 23, HAKRHC
X aAb=1DLEDAR ZZ AT H—FEEDT 733‘3
KA TWS Z e h%. —7F T Five Card Trick I28
mTaAbzotmé3o®#—xm?&fﬁ~ﬁf%f
WEAE 2 DX ST x RBH— FORBHRRSZ L
DLOE—HTES, ZOFETIEIAT o, b ZMWETERW,

FDEDORDTF V7 =y 2 2fVE. TAFTELTIES
YRN2%E5 Ty b 5] BEIFICHEET 2R THYLR
TWB AR BE->TED, ETHEKRE S VX AICA
NEZZZ8 (ZOBEEETY vy 7LVERER) 2F X
2. DEDODHEL LTETIYRAD Y MEDH — FHIC
EHREZIAMNIA—RIKREHOCTIRDI—FDS
D1IRDORBEEMEL, MOBT2FLTLETHEFREZA
ﬂ%it%m:&xhiﬁ—F%ﬁ%fétwiﬁfﬁ%
ZAbNb. ZIEMARFEETADL DL L EZ DD, VT
m:&u:rm v 7 [L z 75>)\W§m CrERE
BELTHED Three Card Trick TELLT D L 5 IZHHIA N
RENELTEZ 5.

F£22 RIDKEEIARTRAENE X SUX LD Y
K> EF v v 70 B0RER [ tt,cz)ia K280,1,2,3
MOWTHDPERD, arb=1 DY =i 7b>o,3ﬁzo>
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(a,b) | sequence
0,0) | |T[4fT
o1 | [1[+]v
w0) | [Vt
Wy | [+

& 3 Three-Card Trick ICTETY v v 7 LZ20OWHALE

WTRHTH 3. éfoo:am:om:%ciymzw
ThhH, 22 AJJa,bPWEINZIKETHIZ2ES Z
epcEn. ox0 L] [t [V [t ]r)
’ﬂ”?“ﬂﬂ¢@GEDM?NTﬁ#ﬁéﬂéztﬁa
A7v baroret (AOMER) ZHRLTWSZ
ED 5. ¥z, Three Card Trick (X AJ1H — FEE
L T optimal 72 AND JHE 7 Fa L2 EEHLTWE I &
B0 B,

Fl—HTZ 2 3BHHICBEH L TUTD XA Sz
LHTES.

HI5Z

Type F—tiahsh— Fil
2 IR T [T
NI Inne
s | [t
R4 FURLIY Fo Lo vy IABOSE (3 KD

+—

Type Iz LT v v 70 X BHER & T
B — KT 5 20 BkOmERT. B[] 1]
ETF v v 70 (180 FEMEER) c:;ofz:t,cza vy
M5 Type2 AT T54 XENB. &7z, [L|L[L |3 ET

S v I ED z &3 L»b Type3

WCEINS.
3. 3{EASL 3(ERE

Five-Card Trick IZFRH5FH— FRR—X7m barong
<1E 2 f# True(l), False(0) Z AN13 2 Z LaEEZINT
W3, FIZIE 2 ANck3 AND 7m b atix IKE3<k
LRWEH] BNTEZraNTED, HEIL—Y— AR
True Z AJJL T False £ WHHERZFLE LT, HFOD
TLAVY—BIIEADP True Z AI LN L B
A7, EWSMHTRET KRS RVHZRIEL TV 5.

CDXIRTFaL—YarEEIRGE, BLTS
1/4 Y302 1D200FRLDPEDRVDTHAS

. MFPCFEEHFETOVZ00E I NE2MHETIEZL,
¢%m&mh%f%ért%5f%&vufa TDRFED

P o] ZHRLTEXVWOh, WO HEEEZ 5
(4. ZZTH—F7HFIVEBOTOTSH 1 THHEL
FE3DMEZANTESL X512 EWARRICT 5.
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3.1 3fEREBONII—->3>

FBIDMHEEANTTZL LT AN a, b iITHLTanb DE
BRELTENERHVWDI WS HEEEZS. kD 2
fEERFERIC BT 2 AND EARIILI T2 5.

a\b |0 1
0 0 O
1 0 1

TR LTHEIDME I 2 ANBRICHEAREZ
WEETZ. —Hle LT, XbREWNEERICES W
Lukasiewicz @ 3 fHimICEBIT % AND EBRIIMUT &
%5,

a\b [0 6 1
0o o o
o [0 o0 o
1o 6 1

0,1 ZZhzrhkicBFsEuiL, Hiigoe LTER
CEDR ML= 72V —FRARNTHS. KT 02 =
Pl T XS EIN TV EICEET 5. Kleene IZ
X2 3ERFHICBWTD AND HEEICE L TR CEHER
EROZEPHOLENTVWS

RIZ Bochvar @ 3 {H fﬁh 7% AND Ef5RZRT.

a\b ‘
0
0
1

o > OO
S DD | D
= > O+

7V ¥ F )L Five Card Trick TEH XN 3 AND #HE S
0 halTik IREFF ol PEBFEINEN,
I TEZFBIESLVT WS Z2dahb, EWHE
M, ’7 AIE AOME e LTHHEHBHWEEZFF > TW»d
Z Wy L BRI a FRE3 0D EBE L0 B A
] Lfcffb‘f‘ AND JHEDFERD 0 ¥ 722 mAHAW. L
ML, THUIMEHEL LTEEGEE2AN M+ L —2a vl
TEY, FIZIETLVAY—ADATID0 F2E1 DL X
W, v FUIBIELWhRWES, LAY —BIZF
DANEMETBZENTESRM, 0 ATILTLES &,
ANDBRHATLES. ABRTEIhEELX 2V T 4 B
Wilz XV WINEH TR, TOVRIZEHFRLTS
LAY —EANTEZ 2R T2, LWHIALBMNET
HamLTwl.
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4. (U3 ORI EFDIE

CAF 4 v 7ay 2 LT 2 HEMOHLE AND HE S
o baLEiY, @0 Sa barBPE L CETTS D
CERMET DL, ZOBREEIIHERE 2 TN D
%, X5ZAND HEWRATHZ 5, (i3 on]
PPN Z CTMORENRE 2 5. FIEBICK 28 E
TR FIKZEHERAS. 2055, DITO XS
HREPZEFO XS FUZEHE & R 5 RBIoOVTIE
THAEHS ¥ LT, 080 5 3 0885 2 58t e 3 5.

a\b ‘
0

AND-(0, 0, 0):

o O ofo
o O O
= O O

FRCBITIE 6 1F 1S LT 0 &< A UHEERRICKR
5o EARAIE UTH RS E3HRT 5.

THEOTEE LT, ERRIAHRTH 2 225 (AND
HEZAIRTH 20 5) LT D X 512 AND-(a,b,¢) st
a,b,c €0,1,0 DEBEBFET 208 5 HITOWTHEH
THILERA.

a\b ‘
0

AND-(a, b, c):

o » OO
o T oo >
= 0o O|r

4.1 AND-(0,0,c) DTFEN
b=0>=0TH3Zh5 = (1-0?2=0%-0=
0-0=0%%%. ZOLH1-0=0%7F1-0=021%
3. WiEE

a\b [0 6 1
AND-(0,0,0): ©° [0 9 0
o [0 0 o
1 o o 1
b BHAREE. %E X
a\b [0 6 1
AND-(0,0,0): ©° [0 9 0
o |0 o0 o
1 o 6 1

kb, FHei . EE
(1-0)-0=0-0=0,1-(0-0)=1-0=0
EFIEDIR.
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4.2 AND-(6,0,c) OFEMH

RIETE FIMEOHRT 1-0=0 %13 1-0=0 7%,
AEX(1-0)-0=0-0=0,1-(0-0)=1-0=0

Y, ZZTREFPEDRZND, a-c= (0-0)-(1-0) = (0-1)-6% =
0-bTH2Pba-c=(0-0)-(1-0)=60-0=0,
a-c=0-b=0RDFETS.

BFT LR DML L
a\b [0 6 1
AND-(0,0,0): ° |9 ¢ O
o [0 0 o
1o 0 1
T H B.

4.3 AND-(1,0,c) DETEY

HiffiC FRROFERT 1-0=0 F/iF 1-0=0 &%,
AI#EE(1-0)-0=0-0=0,1-(0-0)=1-1=1
CXET A, Fla-c=(0-0)-(1-0)=(0-1)-02=0-b
THoE0HEXa-c=0-0)-1-0)=1-0=0,
a-c=0-b=0RDFETS. D%D AND-(1,0,c¢) i&
FEAE L7200,

4.4 AND-(0,0,c) DY
FRICERT A 2T c I L THEBEE R D ey
Mmooz,

ab [0 6 1
AND-(0,0,0: ° |9 0 0
o |0 0 o
1 ]0 o0 1
a\b [0 6 1
AND-(0,0,0): ©° |9 9 O
o [0 o0 o
1o 0 1
ab |0 6 1
AND-(0,0,1): © |9 O 0
o |0 0 1
1 0 1 1

4.5 AND-(6,0,c) DTFEH
[FIRRIC
DAHDFREE T B
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a\b ‘
0

AND-(8, 0, 6):

o D OO
S D DD
= > O+

1

4.6 AND-(1,0,c) DFEMN
AR T % & AND-(1,0,c) IZfFE L2,

4.7 AND-(0,1,c) D7FEMH

RIS 5 &
a\b [0 6 1

AND-(0,1,0): ©° [0 O 0

o [0 1 ¢

110 ¢ 1

T H B0, UTIE B DS % G723 23 B 2245
eiB (OB 0IIHRLT 1 LAEOBETHB7-0).

a\b [0 6 1
AND-(0, 1,1): 0 10 00
o o 1 1
1 o 1 1

4.8 AND-(0,1,c) DTFEM

FCER T2 =102 =11=1Tdhs%Dc=40
Fldc=1LR2HMHG L bFET 275 AND-(6,1,¢)
BEEL RV,

4.9 AND-(1,1,c) DTEEM

AR T2 =102 =11=1Ths%Dc=40
Fhlde=1 R3PS L FET 5720 AND-(1,1,c)
BTFELRWV.

Y EDERITIDRTD a,b, c IR L TRHEEREDOTERE
MRS 222 izol-. MR LTHHELRD DZER
N TTREICOETAZ N TERZ o,
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5. 9EFERCHA—FZ7OFIILDREREIC

WT

HIEDREINC & D A8 3 TRFTIIC AND &z RO ]
PRI T O T IS BT 2 23 TE B 2 80y

"oz,
ab o 6 1
oo o o
AND-(0,0,0):
o |0 o0 o
1 0o 6 1
a\b [0 6 1
AND-(0,0,0): ° |9 ¢ O
o |6 o0 o
1o 6 1
ab |0 6 1
AND-(0,0,0: ° |9 0 0
o |0 0 o
1 ]0 o0 1
a\b [0 6 1
AND-(0,0,0): ©° |9 9 O
o |0 0 o
1o 6 1
ab |0 6 1
AND-(0,0,1): © [0 9O 0
0 |0 0 1
1 0 1 1
a\b [0 6 1
AND-(0,0,0): ° |9 ¢ 0
o o o0 o
1o 6 1
ab |0 6 1
AND-(0,1,0): © |9 O O
o |0 1 o
1 0o 6 1
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5.1 AND-(0,0,0) DR%E

SCIS2022 12 T AND-(0,6,68), AND-(,0,6), AND-
(0,0,0) @ 3 FFHITDWT Five Card Trick & [FIAk 72 #
ECHRETEZ I LI RENT WS, I ZTIEFHIZ AND-
(0,0,0) DFIEIZOVTHNS,

T2 a—F 4 Y I LTUTEERT %[ L] 1]=0,
=0 L ZOYEEARICIIA LT H—F
FEWTZEDEMNZ a D negation, A b AL
7eE, N T—yarye L TR5DINX—UhFLH
5. Z Z°T negation 3ELGZ ANEZ A —RE AT
% Z¥2 3%, Five Card Trick TI& fiflo AN ZEKL
TWiz23, Five Card Trick I2BWT 3 negation 1% 2 D
A= FOELZ ANEZ 21E 2 UTE R UHRET
HRLEZDZENTES.

==

b) sequence
0,0) | [t]+]4]+
o1 | [t
Loy | [+
Ly |4
0,0) | |1

1
1
1
1
0

0,0)
1,0)
(6,1)
(6,0)
£ 5 AND-(0,6,0)

(a,
(
(
(
(
(
(
(

EHEEEEEEEEEs

LT
LT
LT
LT
T
LTt
T+
Tt

3k

T
T
T
T
T
r
T
T

FEOYIIRAE

IDrEFVRLDY P ET Yy I EITH L

IZ&D (a,0) = (1,1) DY EDA[1]p5 1 E7213 4 O
R—UBNB. £ (a,b) = (0,0),(0,1),(1,0) DEFE

if:ci ﬁs‘ms@ﬁaﬁfﬁm, IRED 3 RE—IEe

TR—HENS. I ENLHND 5 8% =3 H 213
L[] fEeBn, comRmSyxaHy e ET
v N LEREOWTALIC—RT 2 DR —HX
ns.

ZOZEDLERESAET AL

ab |0 6 1
oo o o
o [0 o0 o
110 ¢ 1

LW EBRPIESN S Z 2 h 5 Five Card Trick 12 F
T vy 7VRERBINT 57213 T AND-(0,0,0) % 5%
TXBRZeD005

%48Hﬁk,7/@AﬁvF%LT9Vy7w%®%
2752 UAT k3.
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247 S s 7 — Pl

2| [l el el o [ ]
el o]

el o] el el e e ]
[l [

3| [l [t [t [ [ oY)
L [ et

Ll [ [l [t ] [ ][]
e[ o]ty

|l e [ ]
[ [ ] [y

[l [efb el [ [ e o]
[l b [t

£6 FVELDy b= LYYy 7% (5 BHD

&4f5m%ﬁéh@ﬂﬂ¢ﬁh,””¢ﬂﬂ@&
FHed, Lt k5122 -2=30E@bHHEIT 2L
55,
TERIFYDOEBARICTLELXAL 7 B 45 00Thy) 24
TWEDZe T3, 72720 a DAITE LTI negation
RRILLTVD, DE D EBOH— FANTHZ I LICHE

55,

aw | L] [ [

T4 Type-2 Type-2 Type-2
LT Type-2 Type-3 Type-3
A Type-2 Type-3 Type-4

£ 7 AND-(0,0,0) RED & 4 ¥

HIZR & LT Type-2 28 177 0, Type-3 231 6, Type-4
DN LIS T2 e300 5.

6. FrHESEICDOVWT

ARX 0,1 &S 2RO AN 2 FoilH O AND HE Z
EERL, 0TH 1 THRWE 3 OfE TRES &2 ANAEER
JEER AND m b av%kEZ 512H7zh, 7ataloH
BelEZE 2 THRBEEZ LT XD ICRETT 2749, 3
DFH O HEME R - 7. RN AND #ig 2 Fro &
IHIRIGHZ R CReEnEERA, ARG FE
ZRROT 7T OICENTELZ D0 o7, THHITIE
Bochvar % Lukasiewicz (2 & % 3 fHimFEOHEF b EEN T
W3,

REII ROREER 3D 3 DDEE(AND-(0,6,6), AND-
(6,0,60), AND-(0,0,0)) 12X L TIZiX Optimal £ &2 6
57— 70 banhREnTE D, Ho LR
EHARETHE b DhoTz

Open problems & L TZN SN D 4 DDFFTH L
T, FIAHT 20— FREREDEEZHWT, kD InE
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LEDARED ¥ D DI OWTH/R L THE L. L3R Five Card
Trick TIX 28D TV A ¥ —IZZERZFTR 2D H— K ER
LTI RANTD 1IMEMZ I 5 THRERRETHS. &
DF RN N TERENTTRETHAUIHT L WRER E L TE
HWahzrEZLNS.
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