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Deciding the winning player in two-player TANHINMIN and its variant

KIYA HIRONORI'®

ONO HIROTAKAP)

Abstract: TANHINMIN is a game with perfect information. which is a simplied version of card game
DATHINMIN. In this paper, we consider a 2-player generalized TANHINMIN, where the size of deck is gen-
eralized. Since this variant of TANHINMIN is a 2-player game with perfect information, it has a winning
strategy of either the first or the second player, but it does not necessarily mean that there is a simple and
easy winning strategy. We show that it can be decided in O(n) time which player has a winning strategy.

1. EL®IC

RERWE N VT Hh— KT =0 THEEMNIZERRE,
ANLZDEVETTH D, KESEBMENDS. 2075 — Al
RERERENE T — L TH O, I BRE IS D ELE
LW, 25 WEKRD 2 Z R TH 5. JT4E, [FHHOA
o ¥ DEeEmRs — ACET AR iz, KERD
& D BARGERNERT — LDOWMFRE ATV S, 2006 1 H
LEFEIVEa—R—KRERAGVEBRBERZ THMES
n, IaVv] KERAIORFEZHESIG L m->TWw5. 2015
B Tul i ABHEEN Iy T 2 b
ik, H* 2 ¥a—2—KRARAIDOFEJEMELTWS
NELZELEEEORMNH 5.

ZDESHRERMEDO—EE UTERBRFEREDHE
FHRERE WS 7F— L% EH L (1] HFARIFIKERIZ

b R R RE AR R Ly
Department of Economic Engineering, Kyushu University

OB, #iRRERFABE R B I
Presently with Department of Mathematical Informatics,
Graduate School of Informatics, Nagoya University

) kiya.hironori@gmail.com

) ono@i.nagoya.ac.jp

© 2018 Information Processing Society of Japan

o RV —ID—YFHLEL BV,

o 1HMHLDAZRDS,

o FHLIFABTITONS,

WO ERLUZEDTH Y, RKEREZHMLL, 2D
EEERE AT — LML DEERD.

A TIE 2 AT BERIZOWTHS. ARER
BRI D 2 N — L5520, Wwinho T LA
Y — BB ICAFAET B, LU, fR Oz &
BEHEZLEHODNRE DI, BRBWED 2 ATr—o1lE
1} 2 HESEIE DN & ik BURIIZA S Z 2 IZidk &
RlE-0hHD. NI UEESIFINE T ARER
IZBWTY — L DB, 25 W3R WIRIIZE
\F B BRI 2 MBS & - 2 B IRZE R 1T T E 72 [3).

AETIE TN TV ZLEBIEENA S Z & THIZAA
HHRFIZBVTEEZ SNZTAOMELS OB T LA
Y —YE & 7 D BRI RS 2 ALOME n i LTY — b
FADFHTHNIE O(n) RETRDODBZENTELZ L
R



BHRLEF SRR E
IPSJ SIG Technical Report

2. &

2.1 BERODOIL—IL
FTAHEARZUTOLSICETIUETS: K7L
Y—OFHEE%E {1,2,...,n) DHBHEADILTEHZ 5.
OO ZTNENOFALESITHMESG L UTHHT 2
W, ZEESTH>TEREV. £/, W7V VY —72HUH
DIERF>TWVWTH LW, LA V=i s il (F
FEWER) OBIEBTULEFELLS B TLW. HLOBE
BRI Z2ERL, KEVWIFEHRVWEDE TS, ZOXREDT
UFDORTTr —L%zED5.
o RFHTEUID, EFTLAY— BFTLAY—0DIH
IZRRT, FAMLSBIZ 1T 22 L TWL.
o BIIEA, ETHD (0 DALLBBLNT VWD LEZD).
o JHEDT LAY —i, FHOFILSEGOILOMEED B
KEWEDOALZ 1 BT 2B TES. HLUEMLITZZ
NFEFTHTWZILO Eici@Ed»rNnd FizHETw a0k
SHUZMICRDLS) . ZorE JEZIZH S —AD
A G- 230
o JHEDO T VA Y-k, FHEHRITIZEEEZE > —A
DT VAV —IZELZENTES (NRT B, 2\0D).
ZDEEHITHTVWBHIEZEICR S (BOHT, 0 DALY
BPND).
o VWITNDRDT VLAV —DFMA R R oM TKRT
ThY, ZOLEFEOMIZLUZIE> VL THS.
F—LEBELUTIEFIIRELIIB D, TNENOFH % H
TRAIVI%2FE, HORETIEHEIRTNE T L1 ¥ —
EEEILAY—, 5 ADT VLAY —%2FFETLA
V=R, FEENEORELSVWTNADT LA Y —
MNA%ETEETEKEIES.
UFRTIRZDTF —2DO0BHEEEZ 5.

3. WEHIEE

RO T I TY X LIFEHSHPBRITRLEZTIVTY
A LD EATER, GIHET S . RO, TOT ATV XL
IZDOWTCEIHT 5.

3.1 HER
FTHEBEEHETD. F—LoDBEL I ITENE
LZLZ2EWRTLOT, MFNTIEFEE2t=0,1,2,... T
BT ARKRFTVAY— BEBFET LAY —2F
5. DED, ABIEFENENt=0XBI2FETLA
Y— ¥FRESVLAY—THb. TLI1V¥—A BIZHWL
WA FRZBRIZH ZDT, LAV —%2KRTEB X 2L
T, —fix X L& Mz X T3ET5. Thbb
X=ADrEX=BTHY, X=BDrEX=AT
H5. FHELIIBIE X, X OFHE X[t C{1,2,...,n},
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X[t] € {1,2,...,n} TKT.
EEOFBELIZNUT, UMFNOLSI BRI I 72 EH
9 5:
Gx[t] = (X[t], X[t], Ex[t]),

=72 U,
Ex([t] = {{i,j} | i e X[t],j € X[t],i > j}.

2D, Gx[t] 1, LAY — X & X OFHORILE K
U707 7ThHY, L1V — X ODETFILS, DAL
BHETHT LAY — X OFNALEF KB TEHRINT
W5,
COEDITER LT T 7 Gyt ITBWTIyF Il
i, 7Ly —= X B Ui LT T L1 ¥ — X Bl
PHTEGRERLTCBY, F—LNELZ X ETNThD
TI70B0WTY Y F Y TUPEINT ORI ER LT
W5, AMETRET DHEETEHINEZRHAT 5720,
Gx[t| DRI Y F VI DY A X uxlt) #EHT 5. ZD
fiz, RERTIKHERTW, LA UEWE 512k > TILE
MIZHBETEAE2EMCL Z EHREEIIRS. Z0&
SHEMEDOIAEERTE-OV DL DHSE2EATS

Xt = {v € X[1] | deypa (v) > 0},

2720, dg() &2 57 GIZB I 2 v DREEERT. 2
NEAVWCTUT2ERT 5.

(X [t) = min{de. () | v € XH[]},
min X+[f] = {v € X¥[] | daypq(v) = d*(XHH])}.

U EZHWTROEZEHT S :
vx[t] = d*(X[t]) — | min X T[{]|.

DFD, vx[t] E Gxpy = {V, B} 2B WTHINLAT TR W H
(XF[H]) DS BHRERBANE N — ROWE (d* (X T[t]))
MHEED LD BRIEMOE (|min X T[t]]) #5\W2db D% K
T E, RVFUTHRNVEEDED ux[t]=0 D& F
vx[t] > 0235, ZThsDEFVTRE ZNThOFH
BV — P INTOVNRERN R SEEZHNWSZEITE-T
O(n) KETHENTES. (S yF I TNITY XL
LFEr VD BERRN), AL TIEZ NS DIEE W25
7Ly —fE7 LI X6%kiEitd 5.

3.2 THTOMBHEE

EE 1. H2KOBRt DFRE TV I Y —%2 X 2T 5.
X U TOWThAr2ili-ToE, £/-202 IZED,
BBET ALY —Th 5.

o pxlt] > pxlt],

o px(t] = pxlt], vx[t] >0,

o puxlt] > pxlt], vx[t] =0,
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o pux[tl+1=pxlt], vx[t] >0, vg[t] = 0.

O, KIZETIRNEICL D RTIENTES.
DTN SIRDBEBLIZERS.
% 1. pal0], psl0],val0],vel0] ZEHHETHZ 2IZLD, V—
FME O(n) FEITZ NBEROMBBE TV 1 ¥ — L Z DB
g2 RD B ZENTES.
K1ITEZOBFHEDSRMEEZELDODTVS.

4. £ YERBHERM & ZIHA DR

R 1, EEH1I2EY, FAE SN, BFHFVPIREL
7R (77— LBHRAIRE) TOEE R BEHCHIE, H 2\ IEKE
TR T O E R R BHCHIE A A RETH 5.

FUIZRTED ZOHERMIT16ED DX —2~D
DEEMAT S, ZWETr—20HEE2E X 5 o fEER
THHLHE DD, KETIE LD R ESM T
TEHZEeEAPT S, BB, TOHUWHESME, Kk
HOFA S OHED ATRER RN AEE L > TV 5.

4.1 EEBAD#EfH
DFCcRBmBIcHEEINzLr 6k 2%E8% RET
3. [BgIzHEniz fliE 1M CH B0 |R| =1 TH5.
F AL T TV AR WAL TIIRARINIZ 0 DALY E DN
TWbbDE L, R={0} =Ry £ T 5. 7— LBKKEOTF
BITVAY— (UTFTIRBIZEFLIER) OFNLESE X,
7 — LRI OHEFRE TV A ¥ — (LR TIHHICET LT
3) OFNEEE X &T5. £ L1 VY—X 2 XDk
OV F IOV A Xk px = pu(X, X), ux = p(X,X)
L35,

4.2 fEREEHA

EE 2 X%2EFTVAY—, X 2HFREIT LAV —LT

5. ZOLELTHPENLT S, w(X,X \ min(X) + R) >

w(X, X \min(X)) 2723 EZLTZTDELEDA X(F

FEILAY—) BHBETH 5.

UTFTHINEIRDNEIZEEHT %:

() EBIZBWCTOT VT RLLEMTHD 2 & &R
T 2SR T B DOVHEE 1, fli 2, fE 3 TH B,

(i) #E2 2HVWTEHIZBVWTORFLBRMEDONE
+a%&MERD D (FiE 4).

(ili) #HE4 ZHNTERFONIZ Z 2 —BINZ 725 TD
BB VT OBRTUBOBE+ S EMEE2 KD D (i
5).

(iv) #E; ZHVWTHTFRET VA Y — X BEGEH DS
EDOESBRFHEHLTE X BRTHHZLEH
THFEIVAY— X BBERE»S Z 2 URHE
NEHEDFERE VA Y — X BBRHTHD I L %2R
T ENDFEREEL W L ERT (i 6, EH 2).

FTEGIZBWTLATIA KIS 5.
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HE 1 EHIIBVT, EFERTVLAY— X OFHAET
RYFINDZIVFUIDFET DL E, u(X, X) = |X]|
ML S, X M TH 5.

R, u(X, X)) =|X| DL E, u(X, X)IZDOWVWTHERDL
vg >00D&E u(X,X) < |X|.

vy =00&E X, X)<I|X|

UDoTER T &0 p(X,X) = |X| DL EEFEL
8. O

INEHWSEZEIZEY, UTOMEEZRTIENT
5.
W& 2. R={0}(4%) T, FHRILAY— X BHTH
%72 51F p(X, X \ min(X) + R) > (X, X \ min(X)) % i
7=9.

R, u(X,X) = |X| o XHE1 X0 X BHETH .
U7z TUTRTIE u(X, X) < |X| DBEEFRS.
Hvx =0DL & pu(X,X)#0XD min(X) 235
XvF VT RICHUTERS Z EHHEERDT

p(X, X \ min(X) + R) = u(X, X).
FRRIZ vg =0 DL & u(X, X) #0 DKL T DT,

(ii) vx > 0 DAL T B & &, u(X, X) KT 25460
JETS. (ii-1) u(X, X) =00k &:

w(X, X \ min(X) + R) = 1.
(ii-2) w(X, X) £0D L &, u(X, X) < |X| &P
(X, X \ min(X) + R) = p(X, X) + L.
ARk (fi)vg > 0D &, ({li-Hu(X,X)=0DL &
w(X, X \ min(X)) = 0.
({ii-2)u(X, X) A0D e &, X, X)<|X| &P
(X, X\ min(X)) = u(X, X)

UEED, €1 LAEDLEDRELUNVKILT S, ux > pg
ANZY

(X, X —min(X)+Ro) > px > pg > p(X, X —min(X)),
px > g, vx > 075 I1E
p(X, X \min(X) + R) > px > px > p(X, X —min(X)),
px > g, vg =072 5I1E

p(X, X —min(X)+ Ro) = px > px > (X, X —min(X)),
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px(t] > pxlt] | pxlt] = pxlt] | pxt]+1=pxlt] | px[t]+ 1= pglt]

vx[t], velt] = 0 X X X il X g

vx[t] =0, vg[t] > 0, X X w X ik X wE

vx[t] >0, vg[t] =0 X B X X i X w

vx[t], vx[t] >0 X B X W X X w
x®1 BHHEXR

ux-l-lzluj(,l/x>0,yj(:07§:’55i‘

u(X, X—min(X)+Ro) = pux+1 = px > p(X, X —min(X))

2, 3 ROBARIZTHFRIXZWZ &0 5 U RO HiE
MHILT 5. 72720, ZOMETIE X 2%BF, X BEFT
HDHZITERI NN

ML 5. BE4. X 2IFHEIAY—235. u(X, X —min(X)+
BUERS, X BB 51 (X, X —min(X) + Ro) >  Ry) < u(X, X —min(X)) BRITBLEZLTEZDOLE
w(X, X —min(X)) TH 5. O DHX BBETH 5.

W 3. R={0}(%&=8) ik, u(X, X \min(X)+R) >
w(X, X \min(X)) 2= EFETVLA Y — X BPHT
H5.

FEEA. EFE1 &0
(i) px+1l<upg
(i) px <px,vx=0
(iil) px <pg,vg >0
(iv) pux=pg,vx=0,vg >0
DEDLE 20 E0A X BHBTHS. Zhoils
WCIREAERDPARL L 485 2 8 2R,
) pux +1 < pg DEE ux +1 < pug —1Th5.
£oT,

(X, X—min(X)+Ro) < px+1 < pg—1 < p(X, X—min(X)),

LiRb.
(i) ux <pg,vx =0D & &E

(X, X\min(X)+R) = ux < px—1 < p(X, X—min(X)),

L5,
(i) px < pg, vy >0DEZF

w(X, X—min(X)+Ro) < px+1 < pg = p(X, X—min(X))

LiR5.

(iv) pux =pz,vx=0,vg >0D & &E
(X, X —min(X)+Ro) = px = px = p(X, X —min(X)),

MWALT 5.
PAE X BB 51

w(X, X —min(X) + Ro) < p(X, X — min(X).

LB, KHEIRE N, O

2,340, GBI X LHBOBELTDRMZ
w(X, X —min(X) + Ro) > p(X, X —min(X) TH 5.
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RIZHRFORNZ Z % —WINZ 7250 TOZEHIZHE W T D
BFEBBHOBEFDEMEERD B,

WE 5. Z #£0%2WTMEBD Z(|Z] = 1) I2BWVWT,
XDBIEFRET VLAY —, XDHPFEFLI1Y—DLE
w(X +Z, X —min(X) + Ry) < p(X, X —min(X) + 2) &
X BIBEWEMTH 5.

FERR. (|Z] = 1) KO T D 4 20BEDAEEZNIE
L.
o (Hu(X+Z, X —min(X)+ Ro) = p(X, X —min(X) +
Ry) AT 55D, u(X, X — min(X) + 2) =
w(X, X —min(X)) BKLT 5.
o (i)u(X+Z, X —min(X)+ Ro) = u(X, X —min(X)+
Ro) + 1 DAL T 552, (X, X —min(X) + 2) =
w(X, X —min(X)) + 1 2K T 5.
o (iil) u(X+Z, X —min(X)+Ry) = (X, X —min(X)+
Ry) AT 55D, u(X, X — min(X) + 2) =
w(X, X —min(X)) + 1 2K T 5.
o (iV)u(X+2Z,X-—min(X)+Ro) = u(X, X —min(X)+
Ro) + 1 DN T 202, w(X, X —min(X) + Z) =
w(X, X —min(X ))75‘}55243_5
UFTHEHEZVWTNOHEIZEVWTE u(X +2,X —
min(X) + Ro) < p(X, X —min(X) + 2) 51X X BT
HBZLERT.
NOK2R=-1
w(X + Z, X —min(X) + Ro) < u(X, X —min(X) + 2)
DL E
w(X, X —min(X) + Ro) < u(X, X —min(X)) ALY
LDTHRTFRLIBTHS.
(i) DL E
w(X + Z, X —min(X) + Ro) < u(X, X —min(X) + 2)
DL E
w(X, X —min(X) + Ro) < u(X, X —min(X)) DALY
LDTCHRTFRLIBTHS.
(i) D & &
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WX + Z, X —min(X) + Roy) < p(X, X —min(X) + 2)
DL E

w(X, X —min(X) + Ro) < u(X, X —min(X)) M3
L5DTHRFBLBTHS.

c(iv) D E

WX + Z, X —min(X) + Ry) < p(X, X —min(X) + 2)
DEE

w(X, X —min(X) + Ro) < u(X, X —min(X)) ML
LDTHRFLHBTHS.

L7228 - T (i), (i), (i), (iv) DWThoHZATDH
WX + Z,X —min(X) + Ry) < p(X, X —min(X) + 2)
RO X BETHS.

o Tu(X+2Z, X —min(X)+Rp) < (X, X —min(X)+
Z) 5 X BEETHB.

BNWThFEX L LEEE X BHBTHERLIE

WX + Z, X —min(X) + Ry) < p(X, X —min(X) + 2)
MENT B L2 U FTIEHRT.

HELY X BB THE451F u(X, X —min(X)+ Ry) <
w(X, X —min(X)) KT DT

w(X, X —min(X) + Ro) < u(X, X —min(X)) AL
5785

WX + Z, X —min(X) + Ry) < p(X, X —min(X) + 2)
M5 L2 U FTIERT.

FBIZA T D 4 DD%64

o (Wu(X+Z, X —min(X)+ Ry) = u(X, X —min(X) +
Ro) WM T 252, u(X, X — min(X) + 2) =
w(X, X —min(X)) BSRILT 5.

o (i)u(X+Z, X —min(X)+ Ro) = u(X, X —min(X) +
Ro) + 1 DAL T 252, w(X, X —min(X) + 2) =
w(X, X —min(X)) + 1 2K T 5.

o (iil) u(X+2Z, X —min(X)+Ry) = p(X, X —min(X)+
Ro) WA T 252, u(X, X — min(X) + 2) =
w(X, X —min(X)) + 1 2K T 5.

o (iv)u(X+2Z, X —min(X)+Ro) = (X, X —min(X)+
Ro) + 1 DAL T 252, w(X, X —min(X) + 2) =
w(X, X —min(X)) RT3,

IZDOWTHET 5.

w(X, X —min(X) + Ro) < (X, X —min(X)) B LT
L5755

w(X 4+ Z, X —min(X) + Ry) < p(X, X —min(X) + 2)
MBI L2 U FTIEORT.

ok E

w(X, X —min(X) + Ro) < (X, X —min(X)) B LT
L&

WX +Z, X —min(X)+Ry) = u(X, X —min(X)+Rg) <
w(X, X —min(X)) = (X, X —min(X) + 2Z).

o Tu(X+2Z, X —min(X)+Ro) < (X, X —min(X)+
Z) DRALT B
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(i) D&

w(X, X —min(X) + Ro) < (X, X —min(X)) DL T
L&

WX +2Z, X —min(X)+Ry) = u(X, X —min(X)+ Ry) +
1< pu(X, X —min(X))+1=(X,X —min(X) + Z).

o Tu(X+2Z, X —min(X)+Rp) < (X, X —min(X)+
Z) DRALT B

(i) D& E

w(X, X —min(X) + Rg) < pu(X, X —min(X)) B AL
L&

WX +Z, X —min(X)+Ry) = u(X, X —min(X)+Rg) <
w(X, X —min(X)) +1= (X, X —min(X) + 2)

o Tu(X+2Z, X —min(X)+Ro) < (X, X —min(X)+
Z) DRALT B

C(iv) D E

w(X, X —min(X) + Ro) < pu(X, X —min(X)) B LT
L&

WX +2Z, X —min(X)+Ry) = u(X, X —min(X)+ Ry) +
1< pu(X, X —min(X)) = (X, X —min(X) + Z)

BUE (1), (i), (iii), (iv) &b

w(X + Z, X —min(X) + Ro) < u(X, X —min(X) + 2)
BRI X BBTHB. O

fHE 5 & O AN DD RS 5.

HWE6 XVPEFTLAVY—XDPBFILIY—L2T 5.
w(X, X \min(X) + Z) > u(X, X \ min(X)) DBE+75
HiE X BB TH 5.

FERR.  u(X, X \min(X)+Z) > pu(X, X \min(X)) D& &
BB TRNET B,

DL E uX + Z,X —min(X) + Ry) < u(X,X —
min(X) + Z) &7z /A X X BRSO TFEES
VAY— X BEDXSmFEGITHLUTEHE TR, Lk
Mo THIZZ 2 L7ZB/MHAR 51 p(X, X —min(X)+2) >
w(X, X — min(X)) BT S DL EEF (FETL
AV — X)BBETHD. LEd>TFEH. Lo T
w(X, X\ min(X) + 2Z) > u(X, X \ min(X)) ® & ELFH
Bcas.

w(X, X —min(X) + Z2) < u(X, X — min(X)) BEFH
BECine T 5.

ZOLEMES L0 u(X + Z, X —min(X) + Ry) >
WX, X —min(X)+ Z) & X BEBFEMETH 25720

TOHEM»S Z 2B UZEE u(X, X —min(X) + 2) <
p(X, X —min(X)) & X 8B TH5. LidoTFE.
LERoT X BEFXDPEFIT VIV - LELE,
w(X, X\ min(X) + 2Z) > u(X, X \ min(X)) OHBE+35
HE X s Th 5. O

FHRE 6 K D 2 DAL B T L AVREI NI
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5. ¥&&H

KIFETIE, ATy —LTHE - ABEROBBE L
A ¥ —YIE & Z O BEBEKEH 2% - 72, BERBERKIZK
BRI DO-ODEDHY & L TEHES N TH Y,
F-EOWHEMIZZ ABEIZH B0, TOWVWoTz, L b —fk
EUERETDO TV DY) ZLHEHT, KR TIRELET
NIV ZXLWY TN —F & UTEMIBEEET 2 Z & 21
FFLTWS.

B

AWF52ix JSPS B 17H01698, 17K19960, 26540005,
26241031 O EZII7-2HDTH 5. iz, KM EED
512572 b, HEROZ MR LD KRIERS L K IZ IE ARSI
BT 2 REEWRIAAY M2V DEWE W22 &izE
LTZZICHEERLET.
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