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On MrR (mister R) Method for Solving Linear Equations

ABE Kuntyosar!'® FujiNno SEi2:P)

Abstract: We treat of Krylov subspace method for efficiently solving linear equations, and propose a min-
imal residual method using coupled two-term recurrences, by which the residual vector and approximate
solution are updated, formulated by Rutishauser. Coefficients of the residual polynomial are determined by
imposing the A-orthogonality on the residual in our proposed variant as well as that in Conjugate Residual
method. Our proposed method is mathematically equivalent to CR and the Minimized Residual method
based on the Three-term Tecurrence formula of CG-Type (MRTR method), but the implementations are
different. Therefore the convergence behavior among our variant, CG and MRTR is supposed to be different.
By numerical experiments on linear equations with symmetric matrices, we demonstrate that the residual

norms of our implementation converge faster than those of CG and MRTR.
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FNHRINICRL T D TED Krylov ZBEEZ S . REAT
HIDSHFROGE, fEDELEIE Lanczos orthogonalization
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TN XL 5] ZHOTERE NS0, Bk (E
A 2 ) I K> THENT MV LRI EHFEINS.
ZORED, Conjugate Gradient method (FLIRAJEE,
CG %) [10] % Conjugate Residual method (FEfEETE,
CRIE) (9] CTHB. —F, BREBATHIDIERROY G, il
DFJEIX Arnoldi orthogonalization 7))L 3V XL [2] 2 H
WTHEKENS T2, BWili{bX (T TICGHRINZT
NTOE) ICK > THEENY MV EELENTERENS.
ZDfRFEK L LT, Generalized Conjugate Residual method
(— AL HEARIEETE, GCR L) [3], Generalized Minimal
RESidual method (—#{bim/ N, GMRES i) (7] 7%
EMHIBNTWAS. CG i, AT ML E Krylov i
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nEMEDERMERT LICK->TEEING., Xk
CRIEDGT, AT ML E Krylo #7724 & D A-1EL
MREREINS. BEAMCIE, Krylov #7220 | T
WL ZEERMET BT ELAETHS. E5IC, GCRIE,
GMRES & Krylov #7722 ETHAE /L L7 w/MEs
5T licE->TEHENS.

EHITEH, CR A EBEAMICIAMEZ: Minimized Resid-
ual method based on the Three-term Recurrence formula
of CG-type (CG D=1 b XICHD < /MR,
MRTR %) [1] MRS TV, 72720, MRTR #EE
CREZEDO7IVI) ALITHWVCEKRS. I4%bH, MRTR
HORAEZERT 57200 EUE, CRIE, CG L LAk,
HOiHbXZ W55, CRE, CG EOMi ke 3Rk
D, Lanczos ZHAICHXR 2 /35 A—2 &8 A Ulilit\7%
g, CoififtlZ, Genralized Product-type method
based on Bi-Conjugate Gradient method (—fi&%{tHiM fi#
1%, GPBiCG %) [12] OZGEbZ N (8] ZHidd 5. X
7z, MRTR #EO:ELfRIE, CRZEEF U Lanczos ZIHAZ
fi g Bt k> THERENS. E5IC, MRTRIZED
B Z HADREIIR AL/ VL e EyIMET 22 LIk - T
RHEND. b5, CRIEDEKDIC A-EZFMZFIH]
LTVl /zs, CRiLEE MRTR IEICHT 2RO HE
FHEHWCEES.

Z T T, Bk, iR B 572 Ot X2 B9 %
&, BRURRORAEZ LRI Z I LICK>T, #ik
ke fizd 5. 9745, Rutishauser A ORTHODIR
% (11 Z2eled 2 Tebichesz Lk ((6]) ZFIHL
THT ARt 8Hd 5. T T, CRIELAR, A-ER
FMEHOTHRBO AR ZRD 5. bNbNDOIREET 2
7V AV XL CR 1%, MRTR % & HCEMIC AT H %
W, REINERG S, BUEEER TR THIZE D U, b
NDONDIRET 215D CG 1%, MRTR EDUCRMEL D
LENTWS T EZRT.

AFX D 2 HiTlE, bNbNOIRET SRk L BEAIC
FfE7R CR L, BREWITH Dz DRENE Krylov
ZEMETH B CGEDOMME 2R X5, R, 3 HiTlE,
Rutishauser DHEZ Uik &, CR 14 & BUARNC [FfH
BHERMZHWT, Filckhfmtziiads. E61, bbb
NOIRET 2 iRt L MRTR £ & OMHERZIANS. 4 Hi
Tl&, WA HREIC & DRIE /i 7% CG %, MRTR
1%, DNONPRET BEC K-> THRE, TN 5 DICR
Pzttikd 5. RkiC, 5HTEEDZEIT.

2. CRZ%&ECGIE

AT, WP 2RI & DRE R (1) 1T
A[fiE7%x CRikE CG LB Z#iT %.

CRIEDFEANY )L v 1& Lanczos orthogonalization
TNIV XL 0K > TERENS T2, AT ML
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it &
' = Ri(A)rg (2)

LERIN, ZORAEZHA RL(A) & CRIEDOZDDINT
A—=Z ay, B MHEDHND Lanczos ZIH [10] & PFEE
NEZXRO =Tt X ZME T 5. 272U, WIREEE ro &
FEDOXNT "MV xy 52T ro=b— Azxy ICX > TTEHE
ENns.

Ro()\) = 1, Rl()\) =1- ao)\,
RM4@)=<1—m5z1—aM)Rdn (3)
4wmm4RFﬂM (k=1,2,...)

Q-1

KTz, BAENY MVt ZHEHS 57280, #iBIN7 RL pir
ZEAL, HBLHN G\ ICX>TRDEHICEKT

P = Gr(A)ro.
cokx, 22O0ZHKX RL(N), G\ EXOARMi{E
2z g

Gr(N) = Ri(N) + Be1Gr1(N), (4)

Rk+1(/\) = Rk()\) - Oék)\ék()\). (5)

RS, CRIEDZHNRE ap, B IZDOVTENS. N
7 BV pt i Krylov 8877250 Ky (A, mo) DEJETH D,
AA-Lanczos orthogonalization 77 )L 3V XL [5]1C &> T
ERENDZOT, ROK S IFERM 227 .

(Api", Ap§") =0 (i # ). (6)
X (6) EEEFENIRNEZANWS T LICK > T, RDERME
ZIRG T EMTES.

(ri', Api") =0 (i <k). (7)
<51, X 6), (1) ZHNT

(ri Ari") =0 (i <k) (8)
Zhs. TNHOMHE (6) - (8) ZHWVT, Fllay, B
BROFHEATERENS.

(Argm i) (Areh i) )
(ApgT, Ap§r)’ (Argt,rit)

CGIEDFEANT MV r®id, W7 Mbp® el
12, CRiEERI UM N (D, G) ICK>THEHFENS.
Fiz, CGHEICX > TERENZ AT MV r® i Krylov
o322 Ky (A, mo) DHEIKTH O, ROK S HEARMEZ
729,

(ri®,r®) =0 (i # ). (9)

X (6) LBEANIREZH WS T EICK > T, ROEAM

Br =

A =
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BRTTEMNTES.
(P;®, APS®) =0 (i # ). (10)

InsoME (9, 10 ZHWT, CGIEDHRE ar, b
BRD K S HRtRATRENS.

o
(P2, Ap;®) ()

3. TRAZ—RE

AHITIE, Rutishauser MESE U 7222 G LK [6] ZHw
T CR % 9] & BUANC MBI E 2 E T 5. $E5T %
7N IV X LIE CRIEE RN EZ 78, IRMENET
5L TES.

Lanczos ZIHZ (3) DFREZ ¢ = ok, mk = —Br—1
LS L, R (3) RO = F LK I
(1), [5), 12).

Fo(A)

1,
Pei(N) = (1+
k 1,2

C“kl

WA END

Pi(N) = (1 =GN Po(N),
Mk — CeA) Pi(A) — e Pe—1(A). (11)
)

OBNUONIERT BIEDEANT MV 1&

—

T = Pk(A)T‘O

LERING.
TTT, k+1XDMBhEZTERN

ZEAT B E, A (1) FXRoME (12), (13) IcH
Tz 5N %. ORTHODIR i [11] (3 =mii k=X (3) ZH
WTHEZERAERKT %5, Rutishauser (& NzZ@Ebd %
febic s il b (12), (13) ZHREK L7z,

= Pra(N)

Gir1(A) = GAPL(A) + meGr(N), (12)
Pey1(A) = Pe(A) = Gra1(N). (13)
T35, CRiE, CG EOFFEM T3l bzl
GLY) = PV + LG (), (14)
Pey1(A) = Pe(X) = GAGE(A) (15)

LEIFB. £z, GPBI-CG L [12] THHE NS LENS

X [8] 1&, AR b
Gr(\) = GPe(\) + e Gr1 (), (16)

Pey1(A) = Pe(A) — AGr(N) (17)

THs. §hbb, X (12)-(17) KB 3w L EHX
Gr(\), Ge(N), Gr(\) DBIRIZ, Grar(N) = AGr(N),
Gr(\) = GGr(N) THS.
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C T THIBINZ BV
yr = Gp(A)rg (18)

ZEATNE, X (12), (13) K0, ROX S RFE~EZ T
5T ENS.

Yir1 = A L + MYk,  Thel = Th — Yrt1 (19)

X Hlc, e r, = b— Ax, LEEE, N7 KU Yk 7
p = —Az, EEFZRTHNE, X (19) b SIEURICEE T
i b

Ziy1 = —CuTr + M2k,  Thyl = Tk — Zpt1

ANCISY gIN
R, FRE Gy i &, TRAE IV L2/ MEL TIRD B
ERES2XN

arg I?lnn | 7% — CeATE — iy |2 - (20)
Z T TROAMEM:Z V3
(,3) = argmiél | £ —aa—3b 2

<~ x—aa—pbla,b.

r=ry a=Ar, b=y, £HNZE, X 20) EXRDOLS
ICHEEHZONS.

e — GeATE — ey L Arg, yp. (21)

r
e

-
[

T=7Tp— MYk, 8= AT — 12Uk

EBEE, BEAY MU o =7 — (8 LT B, 12
7ZL, mp=71—Cye THB.

F9, X QD X7 Ly, § Ly, Zifd. §5L, %
NZNOEMN S

_ (ykark) _ (yk,A'I"k)
Y1 = 5 =
(Yrs Yi) (Yrs i)
215, X, X (21) XD F— (s LsZEHRT. L
o,
¢ = &7

1%%3‘57’)1/:?‘) ALTERENEZNT FIVI vy, g
. ROBEANEZTTZ T

(Th+1, ATi) = (Prt1,y) = 0. (22)
X (22) »5

(Tr,Yk) = (Yrt1,yx) =0 (23)
M DALD. TNHOERM (22), (23) &, MRTR %E&
FRUCHETHS.
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1857 %7k, Rutishauser I X o TREI N
b= R T 2 m/MEic D < fi#iF: (Minimal residual
method using the coupled two-term recurrence formulated
by Rutishause) &% A1), MrR (T A% —R) LH%d. 15
N7 )3V XALOERBIE CRZE® MRTR £ & %5 %
n, BUEICAETH %.

AEDRIME 2SR L LT 5 7 HIEFR TN #E 9
BZTEMTEDM, BHErp & Ar, LOERMN, BRU
O EXZRH L TWa T e b, CRIELIFER, HFF
THDIDDELE S A 5.

DLk, MiREDT7 VIV ALEROX S Ik EdENS.

MrR 7)b3dVJU X Ls

Let x¢ be an initial guess, and put ro = b — Axy.
set yo = —1r9 20 =0.

For £k =0,1,...

= (Yr,Yx), V= (Yr, Ary), w = (Yr, )

(1 =0, 2=0 ifk=0)

r=r,— MYk, s’ = Ar, — V2Yk
r', s
G = ()

(s'8)

Yrt1 = MYk + CATE,

e =7 — (k)2
Zgt1 = M2k — CuTr
Trk+1 =Tk — Yk+1, L1 = Tk — k41

end

TTT, bNObNMEERT % MiR L& MRTR % & O
ERICDOWTIHERS.

£9, MRTR EIC B BT MLy, &y, =
Ce1Gr_1(A)rg L BL 128, MrREOHBIRZ ML (18)
LIEHES. L L, MrREOEEZ T il bl
FEIC MRTR EDZN e —T 5.

DEIC, MRTR IEICBU 2Lz EHrd 2 Wb,
X (14) »oEENZEDTHBH, MR ETIER (12)
PofReNzEDTHS

T 5IZ, MRTRIEDINT A—%2 ¢, n, OERE, 5%
AERMET BT LIk TEbBNTE

o= Che1(Th—1, Arp_1) (A7), 71)

Croo1(Arg, Arg)(ri—1, Ari_1) — (yp, Arp) (Arg, yy)

— (Y., Arg) (Ary, 1)

T G (Ary, Ar) (i1, Ari) — (e, Ari) (AT, yy)
THBDIH L, MrRIEDISNT A—% ¢, m DetEUZ,
FRANT MV e Krylo #i02El & D A-BERMEZ#HT T &
&> TS 728, TNEOHERIZHWVICE LS.

MrR 713, MRTR L& LRI 3 RTEEZ D, Th
SOURMEIT RS EHEITE 5.

4. BERER
AHITI, FRRTAIE (B FE DRI T R 2 U 7
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Table 1 Characteristic of coefficient matrices

Matrix N NNZ Ave. NNZ
besstk17 10,974 219,812 20.03
ela-pla-9-1000 28,291 3315,555 117.19
msc10848 10,848 620,313 57.18
N112K 341,055  1,1643,693 34.14
pwtk 217,018 5,926,171 27.19

BUEFERZE L C CG 7%, MRTR %, MrR EOUGH %
b d %.

BRI, CX400 (CPU & Intel Xeon E5-2690, 27
0y 7 JEREE 2.7GHz, AEVIE 128GB) I3 T Fujitsu
Technical Computing Sute v1.0 (2278 A)LA T 9 &
“-03") OSFEETFEY NGBS K> T TE Nz Tz,
INHCHIE SRR 2 2OV || 7 |2 /|| 7o [[2< 10712
ZERH LTz

HRFe Mt E Nz, F£721E Florida K¥DT—X—
N—R 75 IR I N TV B 5 FEFEO TS besstkl7,
ela-pla-9-1000, mscl10848, N112K, pwtk ZHD FiF3%.
NS DITHEHEERTRIEDN BIF5 NI DT, T 1
WBRENTRERD. 72720, £ 11CBI D N IFHRE
THIDRIT, NNZ FIFFEZE, Ave. NNZ l&—1747%
D OVGIEFEFZRT. £ 1ITRXS N5 72 (R
ICHRDRIE R EHERD CG #:, MRTR &, bhibh
MRZE LT MrRIEIC K > TR L. FIHBEEIRAN Y BV
xo =0 AL

IR % F TICHMRENE L 7z 18R (Tterations),
FHEIFE (Time (second)), FBETUNH Ui DEOF
SHRAE IV IS Tog (|| b — Ay, |l2 / || b — Axg ||2) (True
res.) & 2RI

R2IDERDEX SR BB EeHhTES. CG
%, MRTR %, MrR OKEREY, sHREERZ RT3 &
X, MrRZEOKEREE CC EDRK 72%, FHEREIZ
K 72%IC, £z MRTR EDRK 78%, FtHERHHEIXHRA
T9%CI Uz, £72, MrRED CG i° MRTR {£DK
HINE, F 2RO S THE > TV 2D besstkl?,
ela-pla-9-1000, N112K, pwtk @ 4 DDEICH LT TH
D, mscl0848 Tl MRTR {EDKIEAIEY, FHEIFE & 1ZIE
FREETH-7z. LLE, Db DMER LTz MR EDIY
MEE, ek CGiE, MRTR ZEOIWNHMEX O & BN T
WBHEEZS.

5. &6

bbb, Rutishauser 5% ORTHODIR 7% 2E (69
% 1o DITHRR U T2l b=z O Tl 7z 7 ik 2 8 U
fz. 722U, CRiEEFEE, A-BEREMNZHNTIRT A—
ZOHERZRDTZ. ThabE, bNbIhORETS7 )V
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x 2 BREOREIEL, R, HOMXERE VL (B SIE
1T besstk17, ela-pla-9-1000, mscl10848, N112K, pwtk)

Table 2 Number of iterations, computation time and explicitly

computed relative residual norm ( displayed in order

of besstk17, ela-pla-9-1000, msc10848, N112K, pwtk)

besstk17 Iterations Time  True res.
CG 3154 1.819 -12.0
MRTR 3067 1.739 -12.0
MrR 3067 1.727  -12.0
ela-pla-9-1000 Iterations  Time True res.
CG 12297 106.27  -11.7
MRTR 13002 105.60 -11.6
MrR 11118 90.46 -11.3
mscl10848 Iterations  Time  True res.
CG 5640 8.67 -12.0
MRTR 5474 7.52 -12.0
MrR 5475 7.63 -12.0
N112K Iterations  Time True res.
CG 26521 799.57 -6.7
MRTR 26808 785.91 -6.6
MrR 21034 622.20 -6.8
pwtk Iterations  Time True res.
CG 52852 808.51  -12.0
MRTR 40322 608.11  -12.0
MrR 38001 579.74 -12.0

OV XLE CR %, MRTR ZEEEAICFAMETH 20, &
BINWET 5. BIEFERTIERFMTAIZED B, bhbh
DIRFET % MiR D CG B XU MRTRIEX D B EN
TWwWsZ Rl

BEE HUEEBIC I TEO I N KRR ZER Y AT LG
HEEHF 2 FOERERNRITEHT 5. £z, RUIZEO—H
1%, JSPS BlfE: 26390136 DUk EZIF Iz DTH 5.
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