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A Study on Self-Adjusting Optimal Binary Search Trees

Abstract: As large-scale computer systems become widely used, the techniques to manage and utilize large
quantities of data becomes more and more important. Though binary search trees promise fast search pro-
cedure, we can improve the search time by adjusting the tree structure to the stream of search queries. We
focus on the expected search cost of a binary search tree, which is defined by the depth and the frequency
of each vertex. We first show an algorithm that computes the optimal binary search tree (i.e., tree with the
minimum expected search cost) in O(n3) time. Then, based on the Lazy CBTree proposed by Afek et al. |
we present a self-adjusting binary search tree that updates its structure by rotating the tree after each search
query. We conducted a computer experiment to show the improvement of the proposed algorithm compared
with the splay tree, the treap, and the Lazy CBTree.
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2.4 Lazy CBTree

Lazy CBTree (Lazy Counting Based Tree) & 1%, 2012
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Lazy CBTree i&, z.rightCnt > p.sel fCnt+ p.rightCnt
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z.rightCnt + c.sel fCnt > p.sel fCnt + p.rightCnt
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z.sel fCnt + x.leftCnt > x.rightCnt 4 c.sel fCnt
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(1) z 2B 2 —HEERZ1T D Ff-hA 2, (2) NTEET 5.

z.rightCnt + c.sel fCnt
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Detailed Lazy CBTree (%, Lazy CBTree 2% X 72 LT
FEELTHY, HAWLREEE X Lazy CBTree £[H U TH
5. MR (2 KOFMHR B) DWW THEEEITD. &b,
fitigd 4, #E 5 IZ2B VT sel fCnt,leftCnt, rightCnt % %
NZN sent, lent, rent LB L TRELT 5.
%8 4. Lazy CBTree T 2B W T, WMTIEAWEEDHi
x DEMR (2) 2729, 2 I LT EREEEZT>T
BoNZRKTIZOWT, ARDPRILT S :
COST(T') < COST(T)

AERH. MR 2 Ak b, “HEEEEZAT S HIET,

COST(T) — COST(T")
= x.rent 4 e.sel fCnt — p.sel fCnt — p.rent > 0

MK DIDZ EARENT WS, £oT, &R (2) iKfiEt-
TEMEEZTS 2 THEERDIA MINS LK AD. O

2 1. Lazy CBTree Offiif z I2H1F 5 _EFAHEA,
z.rightCnt > p.sel fCnt + p.rightCnt
THHONDEDIZH U, Detailed Lazy CBTree TOHift x IZ

B 5 _EHEED&EMAERE,
z.rightCnt + c.sel fCnt > p.sel fCnt + p.rightCnt
THY, s DFTHD c DEFRMBOLER L 754N E o
TW5. cselfCnt >0 THRDT, Detailed Lazy CBTree
Tld, “HEEEZT O ROFEPENINDE LEZSND.
& o T, Detailed Lazy CBTree 1%, #RERI A 2 jEbIH
DN Z 5 L i 5.
##%E 5. Lazy CBTree T 2B W T, WMTIEAWEREDHi
x DR (3) 22T, 2 I LT EREEEZT>T
BoNERT" &, B—EHEZ2T7> TRONEZRT IZDW
T, PARAHENIT 5 -
COST(T") > COST(T")

FEFH. 5 B6 &0, “HEHMEEKETSZGE L B—FK
B oBEIIBWTIR? S OEINE/T 2 DILHim
z,c KOHAD K o, B,y DATH B, —HEHfEEFT-> 725D
BHiM, BEHAROWDP S DRI ZHIEIZZZ B L,

COST(T") — COST(T")

= z.sent x (d(z) — (d(z) — 1))
+c.sent x (d(c) — (d(c) + 2))
+ Z w.sent X (d(w) — (d(w) — 1))

+ ) w.sent x (d(w) — (d(w) + 1))
wep
+ ) w.sent x (d(w) — (d(w) + 1))
wey
= zx.scnt — 2 X c.scnt + Z w.scnt

weEQ
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+ Z w.sent + Z w.sent 4)

wef wey

F7-, BEEEETO x.lent, KO z.rent DIEL D,

z.lent = Z w.sent

weEQ

x.rent = c.sent + Z w.sent + Z w.sent
wep wey

oz (4) MTRALT,

COST(T") — COST(T")

= z.sent + x.lent — c.sent — x.rent
RELD,
x.sent + x.lent < x.rent + c.sent
£0 T,
COST(T") — COST(T') <0

PLEX D, z.sent+x.lent < zrent+ c.sent % w7z 3RZ,
CHEARETo THEONZAR T LE—REEZIT> THRS
NIRRT IZOWT,

COST(T") < COST(T")
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4. EBR

FWEAFF 1 L O Detailed Lazy CBTree IZD\WT, &
7 L) FNTNT B 5E I & FHERESEERIC X D EHEIL .

4.1 EREFH
BEBICB I 2HEOLRMEE, LTOXDIZHRET 5.
o HifE 10008, 7z77L, BHEIAUTIZFHRNIZ 1545 1000
FTOF—EIPGZO5NTWVWS,
o REBMEDHNZ, BTOHIME T VX LIZFKEIET
ANRENE AT 5.
o BERBEIIEBLLZVEDLT S,
o HERBETHWZMEZ VI, Zipf 916 L IEIEN
LA FITMER Uz, Zipf DAF & 1%, BROBEA
N & U7z, NSk OERO BRI T O %
W7 T LN HTHS.
MM&N%:j%%;
REBTIE, Zipft DMHDNNTA—X s% s=0,1,2,4 &
U, & s DIEIZDVWT T VA LIFHES T )5
100 @Y HEL, ZTOVYEERT.
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AWHEDOEHMTH 2B ) HIADE M %2 PRz,
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4.2.1 [EERCIFHDIR

EFEEBDOINFIZDOWTK 7 5K 10 12 £ & D7, #it
B PR EEOE R O FIEUE, BIIBEREEDO R %2 &K
LTW3. s=00DHREZITVFNCEBIFT3 7T 7%, [EiEE
FENRL R0 T ELDET L. K#EEAREBIZT T T
DI DEN R E Z L IZHEBE L TWEE E 0,

EEEEER(E)
6x 107

5 x 107
4x107
3 x 107

2 x107
s=2

1x107
s=4

O o 1 2 3 4 5 6 7 8 9 10 FEmEDE)
X10° x10° x10° x10° x10° x10° x10° x10° x10° x10°

7 ATV —RIZET B AR EEDIE

[C$REI(E)
9 x10°

8 x10°
7 x10°
6 x 103
5 x 103
4x10% |
3x10% |
2 x10°

1x103
0

s=4

0 1 2 3 4 5 6 7 8 9 10 FZOE([E)
Xx10% x10° x10% x10° x10° x10° x10° x10° x10° x10°

8 MU —TIZHBIT B EHEEH DR

[IgREER(E)
14 x 10?

12 x 102
10 x 10%
8x 10%
6x10? |
4%10%

2% 10%

® o 1 2 3 4 5 6 7 8 9 10 BEzENE

X10° x10° x10° x10° x10° x10° x10°® x10° x10° x10°

9 Lazy CBTree (28 % IR EEDINHK

[EgREER(E)
14 x 10?

12 x 102
10 x 10%
8x10% |
6x10% |
4%10%

2% 10%

0 1 2 3 4 5 6 7 8 9 10 FEO ()
Xx10° x10° x10% x10°® x10° x10° x10°® x10° x10° x10°

10 Detailed Lazy CBTree (2317 % [Alfiz[RIEL DI H
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4.2.2 HFRHFIR B

FRFERRIC & 0, SEERARIZHGE U CTHEREIEA 200 5
[FHZE U 72 R ClRESEE 217 5 BB B L Z R L T
W5 (BEREEAE—R1Y 72 b QEEREED BEA—E L 4 5)
T ERER L. INSRFETDONRIA=X s IZBLTH
HMUTH-72. £ T, BREMEE 200 HEIT - 720
FEZ I AN 2B L, Zho DRI A N 2HE UK
Fo TV H % FARA RO RE S ERARDIRHER 2
AN U7z, R 2121E, Bl EERARICS T A4
BRIA MINT 2 HEAOIAMFHER I A b %2, Eflt
ELUTRLULTWS., £z, HREEZIT-72BIC, BERL
2 WHI R E TORDARBAERIZHA L T2 D0Er%E
MDD B 72D17, BRETD EIZZ ORI - 72 DO AE
ZEHAIL 72, R 3102, REREEA 200 HFENIZEL 72K T
D, BHR—EYM7-0 DOFEHEEEZRL .

xR 2 FRERRITETHE MY OVIRE

2TV =K | vV =7 Lazy Detailed Lazy
CBTree CBTree
0 11.70 10.91 8.14 8.12
s |1 7.85 5.72 4.97 4.90
2 1.62 0.94 0.91 0.90
4 0.22 0.095 0.096 0.096
4.2.3 EXE

#2&k0, WIFHEREIA PR - HRRAKROMIC K
H LM o 72 D & Detailed Lazy CBTree Td - 7z. Lazy
CBTree & Detailed Lazy CBTree O [B#xHIZANMNH T %
RAIVIRFERAUTH 70T, L0 RWIIRHERD
A B %R U7z Detailed Lazy CBTree D A HiER 27 =V 4
NDEEEDRENE VRS,

F7z, &3 &, Lazy CBTree & Detailed Lazy CBTree
Xs=0,1IZBWTATL—K® M) =T &b & EHEE
Z 1EIPS 2 HIRERD ST WEDT, IREICEHElT 5 #
RIFEOEMEIPYHETED., RTA—XDfENR s =2,4 &
w5, N =T DR Lazy CBTree, &0 Detailed
Lazy CBTree DH D L FRETHB DT, ATV —K%
R BBERAROBERRMIZ EN D RKER VWD DL FHIN
5. Zhid, MR o) FIRIc BT 5 EEO N ITHK
MO NPEUL DL, BTV A —fEIZED N TARBEED
B aAT D BN ARDWDAEA, b Hol — 2 HER
DHEDEFNEEIZIRD PSR EEZOND.

4.3 BREEOAE
4.3.1 BRREEE
AERET - I ERBEEI 2 £ 412, BRI OMERER
R 5ITRT.
4.3.2 F—N—~v ROER
s ZEALT Y ATEBEOME 2 TV NI L, Detailed



BHRULEFMRERE
IPSJ SIG Technical Report

K1 R DPRAROHIFFRE T A b OFEHE LG

et 27—k r)—7 Lazy Detailed Lazy
ZIIERRAR CBTree CBTree
Sl [ e | WG | EMUE | S | ORG | g [ Eelt | i [ Esl
0 | 15965811 | 1.000 | 23229170 | 1.455 | 21830490 | 1.367 | 16300340 | 1.020 | 16270250 | 1.019
s | 1] 9468435 1.000 | 15553548 | 1.643 | 11443093 | 1.209 9950807 1.051 9816054 1.037
2 1793310 1.000 3184862 1.776 1871517 1.044 1374250 1.019 1361924 1.010
4 198681 1.000 422999 2.129 199351 1.003 199112 1.002 199086 1.002
* 3 FBERb T 200 HIMEERE L5 BITiE b Y — T TOBRITHAT
05 WindowsT Enterprise 5.39 x 2000000 = 10780000 (&) b% < Bizils = &127%
CPU Intel Core 2 Duo 2.80GHz B. IO Y AR OEEIC NS L L, ROE
AEY 4.00GB
i = 2 S Befror.

R O FHHlE SHED clock BIK

R 4 KEERAITET 2 HREH ()

ATV—=K | MI=F Lazy Detailed Lazy
CBTree CBTree
0 188.059 127.971 144.954 145.158
s |1 160.587 117.997 131.416 131.851
2 115.847 108.031 110.356 110.698
4 104.039 103.476 102.995 103.163

Lazy CBTree DR IZE£TDHAEIZH W T Lazy CB-
Tree & D HIENITEL %2 o 72, Detailed Lazy CBTree @
FHEERIEDSRMHE T, BRINAHFADTFHERLU A
T 572\, Detailed Lazy CBTree TIZEER X7z
Him DT 2R > T VAN ELE I XUIEVF v 57
&, Lazy CBTree & D & —EDOHERIZDE —HZL < if XD
F v IDBTONTWE. Tt — "=~y FOFKIZ
olzbEZON5.

7o, WRAAL, FHEREEOEL, M- 72 B O
T Lazy CBTree * Detailed Lazy CBTree 124> Tz b
V=T ThHorzh, BREMIZELTIEs =0,1,2 DK
RIZZVINZBWTHDOERAL D b EETH -2, Fr
IZs=0,1 DK7Y INTH L TIERERENFN T
5. Lazy CBTree & Detailed Lazy CBTree %° s U — 7D
BREHE DB RESENZFHRIZDOWTHEET S, Lazy
CBTree & Detailed Lazy CBTree TIXEERIEIEIZB W TH
WO v 2B LB, 2 2 SRETORTOHMD
sel fCnt, leftCnt, rightCnt D\NT 1 h % B H L it i
BoR\W. DFD, BROBIZW- 7%, AT v X —fED
FEHOLIZHGWDIET BELRH L. K3 LD, s =4 DK
T HINZE T B BROBRITH - 7-HE X Lazy CBTree
T0.096 AR, MY—7T0.095AKTHY, Lazy CBTree T
DEEE “f5L LTHZDAIZX0.097 KD THS. L,
s =0 ODBEEITBEROBRIZM - 72 8 Lazy CBTree T
8154, FNU—7T10.91 ATHY, Lazy CBTree TOF
BMaE BT L TEELDE 539 KRS, o FDOARE
TR —[H Y72 D OSFIIETH 5 DT, Lazy CBTree
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ARFERRE, BREBEEPBTHRITE L 0WIRM4TIT->T
W7z, % Z T, Lazy CBTree & U Detailed Lazy CBTree
DERT7T VT A%k, BWORIAZBERL TR ZIL 2 B
V2, FRICEHIROAY v X —fH2EHT D LS ITEEL
THEREZFHIUZ., M) — TOBERFMIZRS OF —
REHAVWSEZ 2L, HRMHEOEKZE 62T,

ZOKEF & b, Lazy CBTree & U Detailed Lazy CBTree
ZHE W TR OENAE U7 FNAD, SHigohy v
A —fEDOEHIZLDHDTHD LML 7=

K5 AUV EMEDQER &AW GG ORREH (7))

hY —7 | Lazy CBTree | Detailed Lazy CBTree
0 127.971 131.354 127.252
s |1 117.997 123.146 120.322
2 108.031 109.669 109.296
4 103.476 103.242 103.505
5. bWIC
5.1 &

AR THE 72 ATV —AK, bU—7, Lazy CBTree,
Detailed Lazy CBTree IZ2D\WT, HARBER I A M 2 5@ —
PBEBEARDED LT B L TEXLNMES ) 5
DG %Rz, Lazy CBTree I&, [MEREHAEE &
ZPCR U 2R COMGER A b2, MEI TV HIFD
BROBFBEDORLIZL ST, Hll —HHERADHEIZK
MEIED 5 Z D T&E 72, F7z, Detailed Lazy CBTree
I& Lazy CBTree TR o N7 AR I X b &2 3 5 I2HAD
THBZZ LKL, MY =T OHFRER I A NIME
I OEFEO M BSEE DR D DR EWIEE IR — 3R
KRIZIED L Z WP 7205, {70 NI WEEP —RRR
R TH 2358 10 3Rl D EERAROFHER I X b
WS BN KEL R o7z, ATV —KIZEL TiZ[E
BAEEDNORE S, HIRHRER I 2 b & il — R AR DE
IEDDIRN20, Rl A ERARIZEAERT 5 LI
WEE,
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5.2 SEDRE

Lazy CBTree & U Detailed Lazy CBTree D {I{FHESRE o
ANDHEHTOEEP R SN-—HT, REIZZVFIFOE
F O HBUBEE DR 0 DN X WG S OEERFERIZ DWW T,
MR ER I A PDORE W) — TOERKEH L0 B
B2, BRTILT) ZLTEBD AT v R —{fi%EA
TEH5ZETHRE _DERBANOHAHIGEZ I TS Z &idnf
BETHo71h, RO VR —HOEHFD=DIZAET S
==~y N2k, BERMIGEELZ2EZO5N5.
SlE, MBI T FIAOBEGEEBRD DD, FHiMAE
WAy X—(EOEHEH 2B IED Z L BPET
H5.
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