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Evaluation of variant of BiCGStar method with
coupled two-term recurrence and associate residual

Abstract: We consider to iterative methods for solving a linear system of equations Az = b. Among many
iterative methods, product-type of iterative methods e.g., BiCGStab and GPBiCG are often used for the
purpose of solution for realistic problems. On the other hand, improved variants of GPBiCG were proposed.
These variants differ the using polynomial and determination of the parameters. BiCGSafe applied associate
residual for determination of the parameters. Abe’s GPBiCG introduced stabilized polynomial constructed
by two-term recurrence of Rutishauser. In this paper, we propose the variant of BiCGStar(BiCG STabilized
Associate Residual) method based on two strategies, improvement stabilization by applying coupled two-term
recurrence and using associate residual. Through numerical experiments, we make clear that the variant of
BiCGStar method outperforms other methods from the view points of convergence and computational times.

Keywords: Iterative method, GPBiCG, Variant of BiCGStar, Coupled two-term recurrence, Associate
residual vector
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2. GpPBiCGUUOOOOOOOODO

2.1 GPBiCG O
00000 GPBICGOOOOOOOO [8]0 Lanczos O
00 R(\) 000000 P,(\)O0000000

Ro(A\) =1, Po(N\) =1, (1)

Ri(A) = Rip—1(A) — ap—1APr-1(}), (2)

Pr(A) = Ri(A) + Br—1Pr—1(N), 3)
k=1,2,....

oooopoooo AO0O0D A0O0DODOoOooooOoOooon
ocoooooooooOOO 20000000 ¢g.O0n,00
oo,0003000000000

Ho(A) = 1, (4)

Hi(A) = (1= CoA)Ho(X), (5)

Hi1(A) = (1+mk — GeA) Hi(A) — nieHi—1(N), (6)
k=1,2,....

0000 (4)-(6) 0000000000000 Hepa(A) O
000 Hy1(0)=1000000000000

Gr(\) = —(Hg+1(N) — He(A)) /A (7)

000000000 {G,(\}0000000 (7)000
000 (4-(6)00000000000000000000

Ho(A) = 1, Go(A) = (o, (8)

Hi(A) = Hp—1(A) = AGr—1(N), (9)

Gr(N) = CeHi(A) + muGr-1(N), (10)
k=1,2,....

gooooOoOoQoOoOoQoQooOoOoO ¢g,xOoODODDODO
OO0 r 0 200000000000C00000OODOO
ooo
000 GpPBiICGOOODOOOO.OOOOeOOOOO
00000000000 0o0o0oo0oooooon v
oooo
Algorithm 1: GPBiICGOOOO

1. x¢ is an initial guess, ro = b — Axo,

2. Choose 7( such that (rg, o) # 0,
3. fork=0,1,--- do, (11)
4 Pr =Tk + Br—1(Pr_1 — k—1),
(T67T1€)
5. ap = TR A\
(To,Apk)
6. Y =tp—1 — Tr — pwi_1 + apApy,

7. tk =Tk — OzkApk,

S = YY) Atk te) — (Y, te) (Ate, Y1)
(Ate, Aty)(Yp, Yi) — (Ui, Ate)(Ate, y)’

9. m— (Atk, Aty)(yp,, tr) — (Yy, Ate) (Aty, t)
(Atk7Atk)(ykvyk) - (ykvAtk)(Atkvyky
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(ck, ak)
(e cx)’

11. ug = APy + Mk(te—1 — Tk + Br—1Ur—1),

10.  (if k=0, then ¢y =

Nk 20)7

12. 2k = CkThk + Nk Zk—1 — UL,
13. Tp+1 = Tk + APy + 2k,
14. Trir1 = btk — MYy — CuAty,

15, if [|ria|l/llroll < € stop,

ak (76, Tht1)
16. = — . ——T=2
Bk Ck (7"37 rk)
17. wi = Aty + Br APy,

18. end do.

2.2 BiCGSafe O
00 BiCGSafe 0000000000 (1)-(3) 00 (8)-
(10)DDDDDDDDDD,DDDDDDDDDDD

Hp1Pry1 = Hypi Ry + Be(He P — MG Pr),  (12)
MG Py = M HypPr + ni(AGr—1 Ry,

+Br—1AGr—1Pr—1), (13)
GrRi+1 = (CeHi + miGr—1)Ri — 0 AGi P, (14)
k=1,2,....

gooooooooooboooon

sk = AGK(A)Py(A), (15)
ZE = Gk(A)RkJrl(A) (16)

00,000000000 %2,,,000000000
Zhp1 = Azy. (17)
oooooooo Hyym Ry OOOOO0OO0O000OO0

Hy1Rpyy = Hpp1 Ry — apAHg 11 Py

HkRk — Ozk)\HkPk — )\(CkaRk
+nka—1Rk — Oék)\GkPk) (18)

0000 z, 0000 Zk:Cka—f—?]ka_l—akSkDDD
gogoboobbooo rne 000000D0ODOOOODODO
ooooo

Thy1 = Tk — RAp, — Az

=1, — o Apy — zﬁﬁl. (19)

0 (17 )o0oooUooooooooo zﬁH_lDDDDDDD
gooogon
)\GkRk+1 = )\GkRk — ak)\(/\GkPk)
= (eAHERg + i AGr—1 Ry
7Oék)\()\GkPk), (20)

Z;€+1 = CkA""k =+ nkz/n — a;@Ask. (21)

ooooooobooobooo e 0O0O0OD0OOOOO
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Py = Tk + Br—1(Pp_1 — Sk—1), 22

(22)

sk = CrAPy + k(2 + Br_18k-1), (23)
Zk = CkTk + MkZk—1 — Wk Sk, (24)
z;H_l = CLATE + ezl — apAsy, (25)
Trt1 = Tk — QpApy, — z;<:+1- (26)
Tyl = Tk + kP + 2k (27)

BiCGSafeOO DO OO (26)0000000O0O00O0OOO
Or,., 000000 GOnO0000000000O00CO
cooboder,00000000O0O0DOOC

ary = Hyi1Rero. (28)
0oob0o0 Hyq R, ODOOOOOODOODO

Hyt1 Ry = HgRk — GeAHE Rk — i AGr—1 By, (29)
oot er, 0000000 OoOOO

ary =Ty — ATE — NKYy- (30)

BiCGSafe 00000000 ¢On O00O00000OO
ODer,0200000000000000000000
(30) 00000 BiCGSafe O ODOOOODOUOODOO
000000 30)000000ooUn ¢gUOn0000
ooooooo.

2.3 000 GPBiIiCGUO

0000 Rutishauser 000 2000000000003
0O GPBICGUOUUODOOR,(N)O P,(MH)OODDOOO
oad

Ro(/\) =1,
Rk(A) = Rk_1(>\) — Oék_1>\Pk_1()\), (32)
Pe(N) = Re(N) = Bec1Peci(N), k=1,2,.... (33)

Po(N) =1, (31)

00000000 GPBICGOOOOOOOODOOOOO
0000 A000000000000000000000
0G.\N00000000000

Gr(A) = AGr = =(Hpq1(A) — H (X)) (34)

000 Gk(\)OO0D0D0D0Rutishauser 000 200000
0000000000

Go(\) =0, Ho(N) =1, (35)
Gr(\) = Ce—1AHe—1(\) — me—1AGr_1(N), (36)
He(\) = Hy1(\) — Ge(N), k=1,2,.... (37)

0000000 H,(\OGx(\) 000000000000
000000000000000 G,p 0000000
00 ry:020000000000000000000
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0 (31)-(33)0000,000000 a0 8, 0000
O HyRypiro Lri0 AHpPryro Lri 00000000
gobooooboobobooobg

pr = Hy Pxro, (38)
tk = HkPkJrlro (39)

0000 HyRgyimo O AHLPppiro 00O O0OO0OO0OOOO

HiRpy1m0 = 7 — apApy L 7, (40)
AHkPk+1T0 = Atk — ﬂkApk 1 ’I‘E;. (41)

0000000 o O 3, 00000 (HgRg417m0, 75) =0
O (AHpPriimo, vy)=0000000000000

_ (T87 Tk) 49
W= s, Apy) (42)
_ (rg, Aty) _ _ak(r(’j, Tht1)
O =loe, Apr) ~ " Golrg, ) (43)

3. BiCGStar variant O

3.1 BiCGStar variant 00 00O

0000 BiCGStar variant 0 00 00 OO Rk(A) O
P,(\) OO (31)-(33) 000 2000000000000 [1]
000000 GPBIiCG OO variant4 0 O O O ORutishausr
oooooo [

Go(A\) =0, Ho(\) =1, (44)
Gr(N) = Ce—1AHk—1(A) = mk—1AG—1(N), (45)

He(\) = He—1(\) — Ge(N), E=1,2,.... (46)

gooooobog, g, e oboooobooon
DDaék(A)D>

Ge(N) = AGr = —Hi1(N) + Hi () (47)

oooooo

00000000 R,(NOP,(NDO H,(\D Gr(\) O
RkDPkDHkDG‘kDDDDDDDDDDDDDDDD,
Hy, Ry0 Gy R0 Hy P00 Gy, Py OO0 Hypy1 Ry 10 Gy Ry O
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0000000 rgr1 = Hep1 (AR (A)ro 00O 000
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Hyp1Rpy1 = Hpp1 R — o AHp 41 Py, (48)
Hyi1Ry = HyRy, — Gyy1 Ry, (49)
Gri1Rii1 = CuMHg Ry, + 1i Gr Ri, (50)
Hyy1Pr = Hi Py — Grsr Py, (51)
Gr+1Pr = CeAHy Py + i, Gy, Py, (52)
(49) 0-(52) 0 0 O Hyp1Rpyr 0000, Gry1Riga,

Hy1Pry1, Gri1Peyr O,
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Gri1Ri+1 = Gri1 Ry — apAGrpr Py, (53)
Hy1Pri1 = Hyp1Ryy1 — B Hiq1 P, (54)
Gr+1Prs1 = Gro1Ris1 — Gry1 P (55)

cooboocoobooooooocooon

pr == H,Pyro, v := Grgr Rro,

@i = GpRiro, wy = Giy1 Piro,

up = Gy Pyro, yi = Hey1 Prro
D00D0000000000000 (48)0-(55)000
oooad

Vi = ATk + NeQr, (56)

Dr+1 = Trt1 — BrlYk, (57)

a_ry = Tp— Vg, Wk = APk + NkUk,

Yk = Pk — Wk, T+l = Q-Tk — O AYk,

Qi+l = Vi — QRAWE, Ukt1 = Qrt1 — BrWs

oooood

ooooOo0O0O000000 ¢, n00000000GP-
BiCGOUOD ¢, n, OODOD0OO00O0 r,; 020000
coo0ooooOO0ooobOO0o0ooooobooOo 2300000
BiCGSateOOOODOO0OO0O0O0O0O ¢, neO0O0O0OODOO
ODer,020000000000000000000

llarkll2 = |lre — Cu ATy — Meqr|l2 (58)
000000 ¢, 0000000 ¢0
1
¢ = §|\7“k—CkA7“k — Neqk||2 (59)

0000||ar]: 000000 V¢=00000000000

9
V:{% } (60)
0

ey

n

goooOoooooo
Vo = [Ar;w qk]T <7'k - [ATk, Qk] { f;k }) (61)
k

0000000 (61)0000000 G, 0000000
goboogooo

[ Ck } _ (Arg, Ary)  (Ark, qi) }1 (Arg, T1) }
Mk (qr, Ary)  (qr, qr) (qx, T%)
(62)

gobooood

S = (Arg, Ari)(qx, 7)) — (Are, qi)(ar, Ari)  (63)

ooooo
[ Ck } _ 1 { (ar, )  —(Ark, qx) ] (Ary, rr) }
u S| (—qr, Are)  (Ary, Ary) (ar, ™) |
(64)
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oooao

(qr, qr)(Arg, T%) — (Ark, qr)(qk, Tk)
(Ari, Are)(ar, qr) — (Ark. qi)(qr, Arg)’
(Ary, Ary)(qr, 1) — (qr, Ark)(Arg, )

= Ay, Ary)(qr, ax) — (AT, ai)(qr, Are) (66)

ooooooo

ooooooobooD =z, 000000000000
oobooooboooooooooood

G =

(65)

vy, = A" oy, (67)
a=A""q (68)

0000(G6)00 v 0000000 v, q, 0000

Vi = (kP + kG (69)

000000r,=b—- Az, 0000000 O0ODOOOO
Odr,0b—Ad r, =ar, 000000000000
a r, 00000000000
b— Ad' r, = ary =7, — Uk,
= b—Amk—vk, (70)
a _r; = :ck+'v;/€. (71)
(69)00((MH0D0U000D0OUDN a1 0D0O0O0O
b— Az = rry1,
= rp — vp — ap Ay,
= b— Az — v — ar Ayy, (72)

1
Tp+1 = Tk + Vg + Yk,

a/—"'k + arYk (73)

00o0ooooooGnooooo0 pgyy 00 gy, O
ooo

Qiit1 = Vi + pwy (74)

oooooo
O00 BiCGStar variant 1 000000000 OOeO
g0dOo0o0oO0oO0oQ0OoOoOQUoOoUoUODUOUObDUOUOoOoOooOo
ooo0r50000
Algorithm 2: BiCGStar variant 0 0 O O

1. Let xo be an initial guess, Compute 7o = b — Axy,
2. Choose rg, such that (75, 7o) # 0

Compute Arg, po = ro, Apo = Aro,

3

4. for k=0,1,.., do,
5. (o= (qk; qr)(Ark, T) — (ATk, qr)(gk, Tk) 7
(Ark, Ari)(ar, ar) — (ATk. qi)(gr, ATk)

_ (Ary, Ari)(aw, vr) — (g, Ary)(ATe, Tx)

 (Arg, Arg)(qr, qi) — (A7w, qi)(qr, Ary)’
7. v = L ArE + Mgy,

6. Nk

®

Vi = CeTk + Mk,

9. a.-ry =T — Uk,
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10. a' r, =x, + vfc,
11. wi = (LApy, + Nk,
12. Compute Awyg,
13, yr =pp —wy,
14. Ay = Ap,, — Awy,

X
15. ap = (CO: 'T’k) ,

(r07 Apk)
16. Th+1 = a1y — o Ayy,

17, [fragall/lrol| < e stop,

18. T4l = a' ry+ AkYk,
19. qp 1 = Vg — OékA'lUk,
20. q1/€+1 = ’U;c + apwg,

21. Compute Argyq,

ag(rg, Tee1)
22. = —"F—"
= g ™
23. Prkt1 = Tkt1 — BrYrk,

24. Apk+1 = Ari41 — Br Ak,
25. Ukt1 = Gr+1 — BrWk,

26. end do.

0 10 BiCGStar variant 0000 8000000 10
0o0ododooooooooooo “Mo”00o0o0oon
O0“Dbot” OO DOO“AXPY” 00000 OOOOOONO
(z=ox+y)00D0O0ODO0OO0AXPYOOUOOOOOOO
ddobooooobooobooooboboooosboOoooo
0 0O BiCGStar variant 0 0 BiCGStarvO0 OO0 d OO0

01 800000ogoogl1ooooooooo
Table 1 Computational costs per iteration of

eight iterative methods

method Mwv | Dot | AXPY
GPBiCG 2 8 14.0
GPBiCG_vl 2 8 14.5
GPBiCG_v2 2 8 14.0
GPBiCG_v3 2 8 13.0
GPBiCG_v4 2 8 13.5
GPBiCG_AR 2 8 14.0
BiCGSafe 2 8 13.5
BiCGStar_v 2 8 13.5
4. OO0OO

4.1 0O0O0OO0OO0OO0OO0OOOO
goo0o0o0o0oQoQopoOoUoOoOoOoOoOoUOUoOoooooo
Dell Power Edgdd CPUO Intel Xeon X557000 00000
002.93GHzO0O O OO 24GbytesdOSO RedHat Enterprise
Linux 5.600 00000000000 Fortran90O0 000
0000000000 Intel Fortran Compiler 000000
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000000000 “fast” 0000000000000
00000000000000000000000000
00 &=(1,1,.,1)7000b=A2000000

000000000000 20000|resllz/lIrellz <
10-°000000000 0000000000000
00000000 n;000000000r000000
0000000000000000000000 1.000

ooooooooogooscocoon0onon

4.2 00000
O 200000000000000000000C00
O0oO00o0ooOo0ooOo elooooood

02 1000000000000

Table 2 Characteristics of ten test matrices

oo 000 00000 Oooo oooo
oog
bcircuit 68,902 375,558 55 0000
epb3 84,617 463,625 5.5 O00O0O0O
wang4 26,068 177,196 6.8 00000
atmosmodd | 1,270,432 8,814,880 6.9 0000
memplus 17,758 126,150 7.1 0000
ecl32 51,993 380,415 7.3 00000
chipcooll 20,082 281,150 14 OOOOO
water_tank 60,740 2,035,281 335 O0OOO
raefsky3 21,200 1,488,768 70.2 0O0OO
sme3Dc 42,930 3,148,656 73.3 DOOOO
4.3 0O0O0ODO

0g3fdobobooooboobooooguboooooon
0000000 Oratio” 00000 (time[sec.]) 0 GPBICG
O000000O0“TRR? 0000000 (True Relative
Residual) O 0 O 0 O logo (||b — Axgta]l2/]|b — Axol|2)
gooobooboo
0g30b00booboooooog
(1)0D00U0O0 100000 500000 BiCGStar variant
gobobooooooo
(2)0000BICGSafe0 0 30 00000DOOOOO
god
(3) 0000 epb3 00 BiCGStar variant 0 000000
GPBiICGUODOOODOUDOO 17%00000
(4) 00 sme3Dc 0 000 OGPBICG O OGPBiCG_v1-v2
OO0 TRRO 10°°0000000000000
(5) 0 0OGPBiCG._v3-v4 O OBiCGSafe 0 OGPBIiCG_AR
0 0 BiCGStar variant 00 TRRO 10-°00000
oooo
0 10 GPBIiCG O, GPBIiCGv4 O, BiCGSafe O,
BiCGStar variant 00 4000000000 CDOOOO
000 (a) 000 epb30 (b) D00 sme3De 0000 DO
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Table 3 Comparison of convergence of eight iterative methods

03 00000000000

(a) OO bcircuit - memplus

(b) OO ecl32 - sme3Dc

matrix method Mv time[s] ratio TRR
ecl32 GPBiCG 676  0.788 1.00 -10.04
GPBiCG.v1 736 0.909 1.15 -10.11
GPBiCG_v2 754 0.911 1.16 -10.06
GPBiCG_v3 750 1.010 1.28 -10.66
GPBiCG_v4 740 0.862 1.09 -10.38
BiCGSafe 688 0.750 0.95 -10.34
GPBiCG_AR 732 0907 1.15 -10.07
BiCGStar_v 712 0.762 0.97 -10.19
chipcooll | GPBiCG 362 0.219 1.00 -10.01
GPBiCG_vl 364 0.228 1.04 -10.35
GPBiCG_v2 364 0.224 1.02 -10.71
GPBiCG_v3 364 0.246 1.12 -10.87
GPBiCG_v4 354 0.220 1.00 -10.20
BiCGSafe 356  0.212 0.97 -10.34
GPBiCG_AR 368 0.230 1.05 -10.67
BiCGStar_v 360 0.212 0.97 -10.09
water_tank | GPBiCG 5,804 22.851 1.00 -10.09
GPBiCG_vl 4,272 17.261 0.76 -10.17
GPBiCG_v2 4,128 16.515 0.72 -10.02
GPBiCG_v3 4,150 17.200 0.75 -10.45
GPBiCG_v4 4,090 16.204 0.71 -10.01
BiCGSafe 3,982 15.336 0.67 -10.01
GPBiCG_AR | 4,138 16.517 0.72 -10.00
BiCGStar_v 4,132 15.778 0.69 -10.16
raefsky3 GPBiCG 9,258 23.331 1.00 -10.02
GPBiCG.vl |10,276 26.311 1.13 -10.01
GPBiCG.v2 |10,198 25989 1.11 -10.03
GPBiCG.v3 | 9,832 25470 1.09 -10.01
GPBiCG_v4 9,992 25.236 1.08 -10.03
BiCGSafe 10,034 24.992 1.07 -10.13
GPBIiCG_AR | 9,748 24.792 1.06 -10.01
BiCGStar_v |10,000 24.719 1.06 -10.01
sme3Dc GPBiCG 12,044 85.987 1.00 -5.78
GPBiCG.vl |13,978 101.741 1.18 -5.98
GPBiCG.v2 |19,634 141.597 1.65 -5.31
GPBiCG.v3 | 8,782 66.471 0.77 -9.61
GPBiCG.v4 | 8,996 64.698 0.75 -9.60
BiCGSafe 9,006 64.146 0.75 -9.59
GPBiCG_AR | 9,158 67.894 0.79 -9.58
BiCGStar_v 8,784 62.038 0.72 -9.60

matrix method Mv time[s] ratio TRR
bcircuit GPBiCG max 178.418 - 0.66
GPBiCG._vl | 43,636 78.784 1.00 -5.38
GPBiCG_v2 | 37,944 67.853 0.86 -6.58
GPBiCG_v3 | 32,680 61.538 0.78 -10.01
GPBiCG_v4 |26,384 45.261 0.57 -10.15
BiCGSafe 27,844 45.636 0.58 -10.08
GPBiCG-AR | 36,662 65.882 0.84 -9.90
BiCGStar_v 28,088 46.142 0.59 -10.16
epb3 GPBIiCG 7,800 13.348 1.00 -10.28
GPBiCG_vl 6,904 12.611 0.94 -10.04
GPBiCG_v2 6,342 11.482 0.86 -10.07
GPBIiCG_v3 6,164 11.404 0.85 -10.07
GPBiCG_v4 5,462 9.481 0.71 -10.08
BiCGSafe 6,950 10.551 0.79 -10.12
GPBIiCG_AR| 5,678 9.762 0.73 -10.02
BiCGStar_v 6,260 9.727 0.73 -10.06
wang4 GPBIiCG 290 0.135 1.00 -10.09
GPBiCG_vl 286 0.140 1.04 -10.05
GPBiCG_v2 298 0.141 1.04 -10.02
GPBiCG_v3 304 0.162 1.20 -10.04
GPBiCG_v4 282 0.129 0.96 -10.05
BiCGSafe 312 0.137 1.01 -10.16
GPBiCG_AR 284 0.141 1.04 -10.04
BiCGStar_v 292  0.127 0.94 -10.20
atmosmodd | GPBIiCG 566 19.671 1.00 -10.00
GPBiCG_vl 624 22.260 1.13 -10.50
GPBiCG_v2 570 19.763 1.00 -10.29
GPBiCG_v3 584 21.840 1.11 -10.02
GPBiCG_v4 632 21.795 1.11 -10.42
BiCGSafe 630 19.757 1.00 -10.27
GPBiCG_AR 600 20.049 1.02 -10.03
BiCGStar_v 594 18.793 0.96 -10.03
memplus GPBiCG 382 0.135 1.00 -10.22
GPBiCG._vl 410 0.149 1.10 -10.10
GPBiCG_v2 424 0.150 1.11 -10.08
GPBiCG_v3 380 0.149 1.10 -10.09
GPBiCG_v4 444 0.153 1.13 -10.02
BiCGSafe 444 0.149 1.10 -10.06
GPBIiCG_AR 408 0.150 1.11 -10.00
BiCGStar_v 400 0.133 0.99 -10.00
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Fig. 1 History of relative residual of four iterative methods
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Table 4 Average score of the ratio of the number of “Mwv” and
CPU time of eight iterative methods to GPBiCG

method ratiol | ratio2
GPBiCG 1.00 1.00
GPBiCG._v1l 1.01 1.05
GPBiCG_v2 1.04 1.05
GPBiCG_v3 0.92 1.01
GPBiCG_v4 0.92 0.91
BiCGSafe 0.94 0.89
GPBiCG_AR 0.93 0.95
BiCGStar_v 0.91 0.86
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Table 5 The rank of the number of “Mwv” and

computational time

method Mwv time
score | rank | score | rank
GPBiCG 43 5 43 4
GPBiCG_v1 59 8 63 8
GPBiCG_v2 56 7 56 6
GPBiCG_v3 40 3 57 7
GPBiCG_v4 34 1 33 3
BiCGSafe 46 6 25 2
GPBiCG_AR 40 3 47 5
BiCGStar_v 36 2 16 1
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